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3 Y n O ? S I 3 

For some time^ the problem of presenting a single 
theory in vixich ’continuity' of functions is a v/orthx-ixile 
concept has attracted attention. Descriptive theories 
of this sort v/ere given by Gsassar (syntopogeneous spaces) 
and Katetov (mere topic spaces). It soon became clear 
hov/ever, that the problem v/as more suited to categorical 
techniques and in late sixties Xennison, Kuseli and Yyler 
among others, gave categorical solutions. 

This thesis is concerned v/ith I.fyler’ s solution 
viz, top categories. The introduction is a bird’s eye 
viev«r of the impact of category theory on mathematics in 
general and general topology in particular. The first 
chapter consists of a proof that Yyler' s and Euseic' s solu-- 
tions are equivalent. Included is a discussion of the 
relationship vath the solutions of ICennison and Bentley, 
The second chapter is devoted to collecting general 
informtion about top categories. The third chapter is 
a study of the behaviour of functors between top categories 
ivhich ’ lift' functors between base categories. The fourth 
studies reflections and coreflections in top categories. 
The fifth chapter is not on top categories. It consists 
of two remarks, one proposing a definition of free objects 
in concrete categories and the other being a character!- 



sation of the category of sets. Finally the appendix 
is a survey of sosae recent information about TOP 
obtained by using categorical methods. 
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‘lien Steenrod christened category theory as ’’abstract 
nonsense”, he clearly had no idea that some mathematicians 
would take it so literally as to dangle it before every 
demand that contemporary mathematics makes of them. Sad 
to say, however, the stale jokes about soft and hard mathe- 
matics have been once again revived and are repeated in 
the same dull monotony. No wonder, therefore, that 
ryUTO-IELL [143] has been obliged to regard every kind of 
sophistication other than the mathematical one, as a 
disqualification for studying category theory. Of course, 
mostly the scoffing has come from persons vitose acquintance 
with category theory is limited to knowing that Steenrod 
called it abstract nonsense, but as DIEUDOriME [34-] has 
pointed out, it is to be considered Aether such an 
attitude is compatible vath ary amount of intellectual 
honesty. 

Happily, this is a minor and fast disappearing 
irritation, l&>re and more icy stares have been obliged 
to blinlc before the increasing lustre of facts. The 
test of the pudding, as somebody put it, is in its eating 
and the science of mathematics has been gleefully gour- 
mand! sing on category theory ever since it was introduced 
by EILEIIBEHG and F.'!kcL/i’JE [37], ' From a mild appetizer, 
it has rapidly promoted itself to one of the most important 
musts on the menu. Indeed, the swiftness and thoroughness 



with •v^hich it has capured irathematical fancy is something 
very rare in the history of mathematics. Let us take 
just a cursory look at the disciplines presently under 
the spell of category theory, . 

GtlOTrlENDIECSC^ [63] has changed algebraic geometry 
beyond recognition. That homological algebra is a subject 
to be studied by abelian categorists has been long 
recognized (cf, BUC-I 3 BAUbI' S appendix to and 

EILEr-ffiElG [ 24 ]) but 3 /iia and BEGI^ ([l6],[l7]) and 
DEDEdCER [33] among others, have given it a vSiolly new 
perspective, Univ ersal algebra has been reduced to a 
branch of category theory by DAVIS [32], LAIWER.E [124], 
LIMTON [ 129 ] and W/tLTER.S [I 68 ], Homo to py theory has been 
taken to general categories by FS.SYD [48], G/iBR.IEL and 
ZISF^ATI [50], KELLER [7l], PUPPE [155] and ZILBER [l78]. 
Functors have been successfully used in no n -^ standard 
analy sis by BACSICH [5], in Galois theory by GHAGE and 
SWEEDLER [28] and in distribution theory by POP A 
([151],[152]) , That solid connections have been estab- 
lished with functional analysis can be seen, among several 
others, in the survey by Mr/AGIN and SIWMTS [144], in 
the expository articles by SEL^AiDEM ([l 6 l],[l 62 ]) and 
the announcements by NEGREPONTIS [146] and v'GLBER [170], 
HAJES. [64]and E 5 ANES [l57]have found in it the proper 
language for topological dynamics. LAIWEE-E [126] for 
classical particle and f lui d dynamics (with the same 
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hop 0 S for cfii3.ntpUrri KiQcli8.ni.cs y 8nci GTi-AVES [58] for 
coKibinatorial .s;eoinetr.v « The categorical point of view 
has been adopted by LiriTON [128] and JOY/iL [102] to 
stutfy measure ffieory and by HELLER. [70 ] to study stochastic 
transformations. By using categories, FEFERr,^J'I [40], 
KREIZEL [118], LALSEI^ ([ 121] ,[ 122] ) , L/lWERE ([ 125] , [ 127 ] ) 
and FiacLAME ([13I] ,[133] f [134]) have given a completely 
new outlook to mathematical logic and foundations. The 
same has been done for linguistics by BURCJ-IELCA [23] 
and 3CHMCRJ1 [159], Automata theory has been firmly footed 
on categorical foundations by EILEHBERG and VJRIGSiT ([38], 
[39]), GIVE'CII and /P^I3 [52] and GOGUEK (unpublished), 
B/iI/u]U [6] and ROSEI'I [157] have studied biology from the 
standpoint of category theory. Indeed, category theory 
is proving rather inadequate to cope v/ith the grov/th of 
pure and applied sciences and ’’generalized nonsense” is 
now a necessary study, ’’Hioher—dimensional nonsense” 
has been studied by BEri/3CU [I9] and EILEMBERG and KELLE’/ 
[36] not to mention the formidable work of EKRESIvI/iJN of 
vdiich an exposition exists in [35], One of the generali- 
zations has been given by biologists? BAIANU [6] has 
defined ’ super-^categories’ , ’ Categoroids' introduced 

by KATETCV and FROLIdi in [25] are another example. 

Some idea of what is in store for this futuristic disci- 
pline has been given by BdacLATIE [132], 



The coverage in the paragraph above is far from 
exhaustive- the applications of category theory as a 
language and as nore then just a language are sufficient 
to fill the hands of a full scale bibliographer, Tliis 
is merely to point that the tail very nuch has a dog 

and that the v/agging is by nov/ mutual. 

One of the areas viiere the applications have been 

of quite recent origin and the possibilities remain 
largely unexplored, is general topology. General topology, 
as used here, is a name for theories viiich are concerned 
with continuity of ftinctions. Three main trends can be 
spotted. 

Several att empt^ave been made to define ’topolo- 
gical objects’ in any category so that \'dien one specializes 

to particular categories such as EHS, the category of sets 
and functions, one should get TOP, the category of topolo- 
gical spaces and continuous functions. There is 
EKH-ESr^/iI®’ s theory of ’ structuraed categories’ [35]^^ich 
assigns a ’topology’ to any object in any category just 
as it gives ’ groups' equivalence relations' etc, in any 
category. Then there is the theory of ICIM and n.ATTrjlf 
[ll63. According to them, if A is any category and 
A g A (for ’A is an object of /t’ | the notation I believe 
is due to Lutzer) , an */U-topology on A is a limit preserving 
functor X: TO? (Maere is the opposite category 

of £) such that the following diagram of categories and 
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functors coEiaites.. 



'.'Jith these objects, and natural transformations as iror- 
phisEis, they have been able to obtain a catesor5^ viiich 
satisfies our expectations, ISBELL [lOl] has defined a 
topological object in a category as a liinit preserving 
functor TGP°^ -/t , BECK [18] has examined constructions 
of algebraic topology in such ' topological theories’ « 

These constructions 't'itiich yield most of the categories in 
topological algebra, are part of what may be called 
’ topological semantics’ • 

■Hiere has been categorical investigation of TO? 
itself. Its categorical characterizations, reflective 
and coreflective subcategories etc. have been studied. 

The appendix surveys some of these results. 

The problem of finding a category of sets vath 
’’continuity structures" ’itiich should include the categories 
of topological spaces, uniform spaces, and proximity 
spaces has been attached several times, Tlie syntopo- 
geneous spaces of GSASZAE. [31] and the raerotopic spaces 
of KATETOV^ [no] are tw3 examples of descriptive theories 
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#iich i?ere advanced^ A general approach to this problem 

has been given by KATETCV and FR.OLICSC in the notes of 

[26] i Briefly, a J- structure on a set Z is a collection 

of r of nonempty subsets of Z such that SsT, SCS’CZ 

implies S’ s T and S U S’ s r implies 3 e P or S’ s I, 

A J— space is a pair (Z,r) viiere T is a J— structure on 2. 

A J ~morphism betiveen two J— spaces (Z,r) and {Z’ ,r’ ) is 

given by a function f ; Z Z’ such that S s T implies 

f S e r'. For any functor 9: EIIS EMS, a cp— space is a 

pair (X,r) where T is a J— structure on the set cp'X and 

is called a f -structure on X, A f>~ continuous function 

fs (X,r) ->(X’,r’) is a function f: X X’ such that 

f f: (f'X^r) (fX’ ,r’ ) is a J-morphism* If Q; EMS ENG 

is the functor defined by QX = X x X, closure spaces, 

proximity spaces and uniform spaces can be shovm to be 

particular cases of Q-spaces« Syntopogeneous spaces and 

merotopic spaces are also qwspaces for suitably chosen 

f’ s. Another general approach has been provided by 

KEUlLINj PULTE., and TRISCV/-. [69], For functors (covariant 

or contravariant) F,. ; EMS ETiS and types A. , i = l,2 ,,...,n, 

they define a category Viitose objects are systems (Xj 

r, r ) viiere each r. is a relational system of the 

I n ■Hi ■ 

type A. on the set F.Xo A morphism f; (X; r, ,«..,r ) -> 

u ' lii X n. 

(Y; s^) is a function f: X -» Y such that F. f are 

r.s — completible for covariant F’ s and s .r. -- compatible 

1/ Hr % 
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for contravariant ones* Choosing FI s and A’ s in a 

1 / tf 

suitable manner, categories of topological spaces, 
proximity spaces, uniform spaces, merotopic spaces, 
topological groups etc. Can all be shovm to be particular 
cases of such a category. This approach is also useful 
in algebra. 

This thesis is primarily concerned with exarnining a 
concept which is due to IWLER and gives a solution to 
the problem above — namely, the concept of top categories . 

As vail be shown in chapter one, top categories are the 
same as S-^categories of HUSEIC [84-] and not very different 
from the pullback stripping; functors of KEnNISOr-I [112], 
Closely related are T-categories of BEMTLEY [20] and 
K—categories of KRI3HM/iI [II 9 ], /mong all these, vie believe, 
top categories are the best bet. This concept has 
increased, modified and improved our knov/ledge of general 
topology and topological algebra, and provided a new- 
perspective, Its definition is less cumborsone than other 
ones and for reasons that shall be given later, it is 
more palatable to a categorist. In addition, as can be 
seen by the list of examples in chapter two, its forimi— 
lation is most suited to several categories that appear 
in many areas of modern applied mathematics such as 
automata theory and pattern recognition. 



One must not, however, expect top much from top 
categories. It is a general maxim of mathematics that 
the more general a theory, the less deep its results. 

Top categories are no exception to this rule. To begin 
with, the category of EOusdorff spaces, where the theory 
of topological spaces is most rich, is not a top category 
in any reasonable sense, nor are T^—spaces, or for that 
matter, any of the usual separated categories. Indeed, 
as is evident from the definition of top categories, 
about the only thing vAich makes TOP a top category 
over ENS is the fact that the set of all topologies on 
a set is a complete lattice. Concepts like ’open set’, 
’closed set’ etc, are not readily available in top categ- 
ories. In fact, the comfortable manner in v/hich most of 
the basic data of the underlying category-epiraorphisms, 
mo no Mr phi sms, limits, bicategories etc, - lifts into the 
top category is itself, in some measure, a pointer. 

But let us not forget — these difficulties are 
caused not so much by the solution proposed but by the 
problem itself| a theory which claims to include practi- 
cally all continuity structures currently used in general 
topology and several in systems theory cannot possibly 
aspire to carry over the full richness of the theories 
it generalizes. It is possible to have a number of 
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fruitful constructions in top categories, 
the study of lifting functors seens to be distinctly 
pro' Eli sing. 

The general plan of the thesis is as follov;s. 

Chapter one, titled ’ Four approaches to categorical topo- 
logy consists of a proof that top categories and S-catego— 
Ties are equivalent and a discussion of the relationship 
with pullback stripping functors and T— categories* 

Chapter two, titled ’Top categories' gives exaisiples of 
top categories and studies a nuEiber of properties v/hich 
can be lifted from the underlying category to the top 
category. These include, among others, constant-genera- 
tion and bicategory structures in the sense of ISBELL, 
Chapter three, titled 'Lifting Functors', studies the 
behaviour of functors betv/een two top categories vhich 
'lift' functors between the base categories, Cfiapter 
four, titled 'Reflections and Goreflections’ studies 
reflective and coreflective subcategories of top cate- 
gories on the basis of the data provided by the base 
category. Chapter five, titled 'Free and Projective 
Objects’ is not in tune with the rest of the thesis although 
a trivial connection can be established. It is more in 
the nature of an appendix and gives a theory of free and 
projective obj ects and a characterization of EHS, 
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Finally, the appendix surveys some aspects of application 
of category theory to the stuc^y of TOP, 

Chapters have been divided into sections. Lemmas, 
theorems, propositions etc, in each section have been 
numbered A, 3, ,., in the order of their appearance. 

The raaterial of every chapter is preceded by a brief 
introductory paragraph giving a summary of v>jha.t follovvs. 



PGUP. /iPPilOAGHES 


TC C/TEGCraC/X TOPOLOGY 


In this chapter vie coH^are HUGE'' s S— categories 
and Vf/LEH’ s top categories and show that th<^. are the 
same, IPe also discuss the relationship of top categories 
with the pullback stripping functors of XEMNISCM and the 
T— categories of BEMTLEY, Section one gives the defini- 
tions of these four concepts. These are essentially the 
same as given by the authors but in the case of T— cate- 
gories sup and inf have been interchanged to suit out 
convenience. Section two consists of the proof that top 
categories and S-categories are the same. Section three 
briefly compares top categories to pullbackstripping 
functors and T-categories, v7e close with a discussion 
of vAiy vie select top categories for our study in the 
following chapters, 

1,1 Definitions 

Definition A : Top Categories 

Let be a category, A topological theory on 4 is 
a functor p; OR D (inhere OR D is the category of 

partly ordered sets and orderpreserving functions) such 
that, for every A s , pA is a complete lattice and fo 

® .On 

any morphism f j B A in (i,e, , for any morphism 
f; A B in , pf ; pB ->pA preserves infima, v7e usually 
write in place of pf. 
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For a given topological theory p on X* y we construct 
a category as follows* 

1, Objects are pairs (Aj x) I#! ere A. s 4'. s.nd x s pA» 

o 

2. A morphism (m, f, ■y) i (A, x) (B,y) or, more simply, 
fj (A,ic) (3,y) is given by a morphism f s A B in ^ 
such that X ^ f^y* Composition is lifted from/c 

It is clear that the objects and morphisms above do 
form a category. The category xF is called a top category 
over Aand may be thou^t of as a model of the topological 
theory p on , We usually refer to A aa the base category. 
The elements of pA are said to be structures on A. The 
least element of pA, denoted by (or , if the situation 
demands it) is called the discrete structure on A. 
Similarly, the greatest element of pA, denoted by 
is called the indiscrete structure on Ac There is an 
obvious forgetful functor ?; .A given by P (A,£u) = A 

and P (a, f , y) = f 

Top categories are due to Vf/LEP. and the above defini- 
tion is given mostly in the terminology of his expository 
article [173]. His survey [172] is a comprehensive intro- 
duction to the topic and rather than .. his original 
papers we shall m^e [172] as our standard reference on 
top categories. [172] also includes some results from 



-13- 

an earlier draft of this thesis* 


Definition B: S- categories 

A category is called an S- category over a categor; 
^ ^’^JLth respect to a functor P ; if the following 

five conditions hold; 

51, r is faithful, 

*—1 

52, For any morphism f of A , P [f] is non-empty, 

fitoreover, if P X = A, P Y = B, f a (A,B) then there 
are morphisras <p e r*~^[f] 3 i ^ e P"*'^[f] such that 

dom (?) = X, codom ^ = Y, 

53, If f is a morphism in and P cp = f g then there 

are morphisras P [f], ^ [g] such that 

f 

S4-* For each A a , the class P [A] is a set viiich is 

o 

a complete lattice with respect to the following 
order ; 

X ^ Y iff P <p = 1^ for some (p a (X,Y) 

Mote that such a if it exists, is obviously 
unicfue, since P is faithful, Hierefore the defi- 
nition of the order does not depend on tlie choice 
of f. 
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S5* If ® is a non-eBi)ty faiiaily of laorphisms 

*u 

of such that T 9. = T 9. for every (tjj) el x I, 

t J 

then there are morphisms 

cp 8 r (sup dom tp . , sup codon cp.)j 

1 / * 1 / 

and ijr s y. (inf don 9^, inf codon 9^)^ 
such that r 9 = r = r 9^ for all i e I, Clearly 
f and Ip- are unique, 

S- categories are due to KUSEIl [84], The bibliography 
lists some of his papers in v;hich the pov/er of S-categories 
has been demonstrated. 

Definition C Pullbaclc stripping functors 

let H: T -* be a faithful functor. 

Then for any A e /u , H '^[a] is a partly ordered class 
o 

with the following order; 

Xj_ ^ iff there is a f s 4 (X^^yX^) with Hf = 1^,. 

If H X = Ay H X’ = Ik , let us call a morphism 
a; A -» A’ admissible from X to X* iff there exists 
g; X X’ with Hg=: a* Ihen the order in H~^[a] is, 
given by; X,^ X. iff 1. is admissible from X- to X., 

JL Z /i. X 2 

Let nov; be a productive category, A faithful 
functor H ; 1’ 4 is a pullbaclc stripping functor (or a 

psf) iff; 
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1, For each A s4-- j ^ is productive and has a sraali 

o 

skeleton, 

2, For each a: A -> A’ in each s H [A’ ] there 

exists a largest object X in h"^^[a] such that a is 

admissible from XtoX', Xisthe o^pullbaclc of 

o 

and is denoted by X = o x* , 

3, a'^ a^yJ = (aa')^y} , vdien defined. 

Pullback stripping functors were defined by 
KEr#IISON [ 112 ] • He has not used them for any thing except 
TOP and its subcategories but as will be seen belov/, 
they are nearly as good as top categories or S-categories, 

Definition D T— categories 

Let ( 1 , ^ ) be a (possibly large) lattice in 
viiich every non-empty set has a sup and every set has an 
inf and such that there exists a (necessarily unique) 
element sup L , A function P ; L Ob EMS is said to be 
compatible with ^ iff the following conditions holdj 

i) If X is a subset of L then 

r (inf 1 ) = . u r X 

X s X 

ii) If X is a non-empty subset of L and if P is constant 
on X then P X = P (sup X) for every X a X 

iii) A s ENS implies that [XsLjr XC a] is a set, 

o "" 
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iv) sup L ^ X implies that P X is non-empty, 

A concrete category T) vdiere T s EMS is the 
faithful functor, is said to be a T -category iff the follow- 
ing nine conditions are satisfied, 

Tl, There is an order ^ defined on the objects of A such 

that ( Ob £, is a lattice of the kind just described, 
T2, r is compatible with 

T3, For any X a ^ and any function a, there exists an 
o 

object denoted by a [X] of £ . 

T4, r cT^lx] = a”^[rx] 

T5, If A is any set, a is a function and X e 4 with 
a [r X] C A, and if b = a[A then o [X] = b [x] 

T6, If X a .4 and a is the identity function on T X then 
a [X] = X 

T7, f; X-^Y is in^ iff 6?f}”^[Y] 

T8, If X is a subset of £ then 

oT^L inf X] = inf [f“^[X]jX e X] 

T9, If A, A’ are sets, ai A A' is a function and X = 
supjL j: '4 In = a] , X=sup|L ^4. I =: A’ ] then 
X = oT^IX* ] 

T— categories were defined by BENTLEY [20], Unfor- 
tunately, it seems that apart from TOP, no other nice 
example is available. 
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1.2 Top categories are the same as S- categories 

Let an S— category over mth respect to the 
functor r : , Then by 34, we Icnov/ that for any 

A e ^ , r“^[A] is a complete lattice, I7e set pA = A ] 

o 

for an object A of If a: A -> A’ is a laorphisiTs in 4, 
v/e define t pA’ pA by setting 


a^X’ 


sup[ X 8 pAj r q) = a for some q) “e 'T(X,X’)1 


for J? s pA’ . Note that by S2, I (o) is non-empty and 
there is at least one X e pA and one cp e 7 (X, X* ) such 
that Tcp = a. Since T is faithful, there is at laost one 
such qj once an X has been found. If now X£ and are 
tv/o elements in pA’ and ^ then this means that 
there exists some q)’ e such that Pq)’ = 1^,* 

Let us now look at the elements oF'^^ and oT pA, 

By definition. 


1 


~ sup[X 8 pAjPq) = a for seme q) s f_(X, Xl ) 1 


cF^ — sup|X s pAjPq) = a for some q) sv^(X, Xp ] 

However, apy time there exists a morphism q) s X 
there surely exists a morphism q'?s X -» X' vtiere 
<?’ 5 ^ ^ such that 19* = 1^' , and if 19 = a then 

P (9*9) = (P9* ) (r9) = h' = a. Therefore, o,^ X^ ^ 

P 

and a is indeed a morphism in CR.D. Next, let us consider 
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a composition A A’ A”* If pA'' , then by 
definition, 

= sup[x s pA|rcp = a’ © for some q) e (X^X')] 

To see that this is actually let X s pA such 

that Tq) = a} a, for some 9 s (X, X*). Then by S 3 # there 
exist X’ s pA’ and ;X’ X' , 9^.“ X YJ such that 
Tcpj^ = a' , Tcp^ = a and 9 = definition, 

tt' = sup[Y’ e pAjr^ = a’ for some t/t e 5 (Y’ ,X')] 
and hence X’^ a.’^X', Since aF is order— preserving, 
o.^X' ^ oPa’^X', But again, 

= sup[Y s pAjre = a for some 6 s j? (Y, X’)| 

and hence X^ c&^X’, Therefore X^ a^a'^X'. This 
implies that (a’ < qs)^X' ^ csPa’^X'o I-!ov/ever, by S 5 j there 
exists a’ ^X' •-» X', a^a’^X' -» a’ ^X’ such that 

re^ = a’ , = a so that r (02_Q2^ = a’ a and aP a’ ^ 

(a'a)^X’. Thus (a’a)^ = Rtoreover, if X s pA 

then (l^)^X = sup[Y s pA|rq) = 1 ^^ for some 9 a ^(Y, X)} 

= sup[Y e pA| Y ^ X| = X» Thus we have obtained a 
functor p; -> ORD, In particular, if a: A A' is 
in /y, the definition of aPx> for X’ a pA’ and 35 together 
imply that there exists a (necessarily unique) 
f'S a X X with = a* Iherefore using the definition 
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of order in pA, v/e conclude that cP^ iff there exists 
a (necessarily unique) cpj X-4 X* with Fcp = a* To see that 
all maps cP preserve infima, let a: A A’ be in fv » 

IXl !t s l] C pA’ ^ }C = inf and 51 = inf Thpn 

there are morphisms o.'i X'. such that r<p. = a,* 

By 35^ there is one q>: X X' such that Pep = ao Iherefore, 
X ^ oFx' , Next, assume that_Y s pA is such that there 
exists ri.: Y -> X’ ?ath Pr], = a» However , X' ^ XI for every 
t. Therefore, there exist : Y X! X. with P^. = a. 

In otherv/ords, Y ^ oPx^ for every i and hence Y ^ X, 

This implies that a? X ^ X, Iherefore, 5C = a^X* and 
cF preserves infima, 

,op 

He nov/ have a topological theory p : CR.D and 

n 

the construction of the top category is obvious. Its 

—•1 

objects are pairs (A, 50 vkieve A e /. and X a P [a], 

® p 

A morphism a; (A, 50 (A’, 5P ) in .1 is given by a 

norphism a% A A’ in X such that 5C ^ X' i.e, such 

that there exists a 9 s 5i X in £ with Pep = a, Ye 

now define a functor E; X? -4^ /P as follows. For 51 s P » 

o 

EX = C'X, X), If cp: 51 -> 51h is a morphism in £ then 

E9 =19; C?X, X) -> C?51',51'), Clearly, E is well defined. 

Since P is faithful, so is E, Also, if as (A, 50 (A’ ,5C‘ ) 

P 

is in X , then by earlier observations^ there exists 
9: X 51’ with E9 = a. Thus E is full. Finally, if 
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(Aj(X>' s/i.__ , clearly, EX = (A,X). Hence E is represen— 

o 

tative. Being full, faithful and representative, E is 
an exjuivalenc e* In fact, E is more than that, it is an 
isomorphisni. In other words, and /f are the same. 

To prove the converse of this result (and for 
maiTy other purposes as well) we need the well kn own fact; 

If A and B are complete ordered sets and f ; A -» B is in 

OXD, then f preserve s infima iff there is a Eaorphisrn 
g; B -» A ^ OHD such that y ^ fjr holds iff gy ^ x, for 
all ccsA,yeB, Assume now that vie are given a top 

p 

category X, v;ith the faithful projection functor 

P: .J;. V'e show that ^ is an 3— category over 

v/ith respect to P, SI, saying that P is faithful, is 

satisfied. If at A -> A’ is in A then for any x’ e pA' , 

o X 

at (A,a^,) -> (a’ ) is inx and thus P (a) is non-empty 

for any a s Also, if ? (A,£c) = A, ? (A' ,.x' ) = A* and 

at Pt ^ A' is in then at (A, a'^x' ) -S’ (A* ) is in 

—1 

P (a) such that its codomain is (PJ ^x' ) p and 
at (a, x) -> (A’ , gx) is in ? ^ (a) such that its domain 
is (A, x) where the existence of g; pA pA' is guaranteed, 
by the fact just quoted above, because cP preserves infiraa. 
This means that S2 is satisfied, Mext, if^a; (A,x) -> 

(A' ,x') is in and A S' A’ = A ^ A” *5 A’ , then 
X ^ cP x^ = {a^aj)^x' = x' so that a^t (A, x) -> 

(A", £^2 a?* ) is in P ^ (a^) , a^ • (A'' , 0 ^ cc’ ) -> (A’ ,cc’ ) is 



in P ^ (a 2 ) . (A.^cc) % (A' ) = (/i^cc) (A'* ic* ) 

01 /^ 

(a' ,a;' ). Thus S3 is satisfied, /:gain, if A s then 

-1 ® 

P [a] is certainly a set. The order defined by (A,a;, ) 


< (A, iff (A,£c^) (a, zc^i is in i.eo iff 

*-♦1 

a?! ^ Kiakes P"* [a] a coraplete lattice and S4 is satis 
fied. Finally, if [a: (A, x.) (A', £cV) | ts l] is a 

Ir b 

norv-empty family of morphisms of .‘P then x. ^ laP x\ so 
that sup X. ^ sup cP x\ and inf x. ^ inf oF x\ • That is, 
a; (a* sup X.) (A’ , sup x\) and at (A, inf a;.) 

1 / 1 / If 

(A* , inf x[.) are also in 


We summarize our discussion in the follov/ing 


Theorem Assume that ^ S - category ov er a category 

.4 respect a f unc tor T ; c Then K is 

( isomorphic ) a top c ategory over Conversely , if 
iT IS 3; top categor y then it is an S-^ c ate gory ove r A 
ivith respect to its pro.1 ection functor ?« 

One consequence of this result is of some theoretical 
interest from the point of viev; of top categories, A 
top Category, as defined, is only artificially invariant; 

A top category is one itiich is isomorphic to a constructed 
category /m S~category , ho^vever, is invariant. The 

observation that a top category is actually an S— category 
removes this shortcoming of the definition of a top cate- 
gory, Another method, vhich is a little more satisfactory 
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since it embeds the theory of top categories in the theory 
of fibered categories has been given by IWLER. [172]* In 
that language, a top category is a fibration 
which is also an opfibration and has complete lattices 
as fibers^ 

1,3 delation between top categories , pullback stripping 
functors and ?~ categories « 

In the first place, it is obvious that if /F is a 
top category over then the projection Ps jP -» ,:C is a 
pullback stripping functor. In the converse direction, 
the following construction can be carried out. Let 

ii; be a pullback stripping functor and let A e A , 

-1 ° ' 

Then H [a] has a small skeleton ?/hich is a complete 

lattice. Let this be denoted by pA, If at A -?► A’ is in 

A let aF ; pA’ pA be given by a? = oP, This association 

does define a functor p: yF^ dlD (cf, EEI-IMISOM [112]), 

However, the author has not been able ao decide viiether 

P 

the fact that each a preserves infima is built into 
KENNISON’ s axioms, in other v/ords, ether a pullback— 
stripping functor always gives rise to a topological theory. 
According to I'JYLER. [172], these two concepts are ’almost’ 
equivalent! if ’almost' be interpreted as asking for an 
additional axiom about the preservation of infima then 
the equivalence is obvious. In this connection, clearly 



one vvants to talk about a stronger version of pullback 
stripping functors by knocking off the assumption that 

'J' is productive and then specifically requiring that 

' ■ 

each H~^[a] be complete <« 

For T-categories, one is almost tenpted to say that 
top categories over EfJS and T-categories are the same* 
Earlier, the author believed that under a mild assumption, 
this v/as in fact so, but Prof, %ler, in a private 
communication has disproved it. The conjecture fails 
mainly on tvio counts; first, contravariance of the counter 
image operation does not seem to be built in the axioms 
for T-categories, and secondly, at least v/ith the author’s 
construction of as a huge lattice, axiom T8 does not 
v/ork, This construction was motivated by BENTLEY’ s [20] 
presentation of uniform spaces as T-categories v^^ich breaks 
down at precisely this point. In fact, as Prof, %ler 
points out, it is beginning to be doubtful viiether any 
reasonable example of a T— category, other than TO?, 
exis ts, 

Tlie arguments in this chapter make it clear that 
these four approaches are quite closely related and three 
of them are either equivalent or nearly so, although 
they have been introduced independently of each other 
and were motivated by quite different considerations. 



•” 24 " 


So one raay select any one of these concepts for further 
study and be sure that the results obtained will have 
suitable analogues in the other theories. It becomes 
then largely a matter of choice which approach to choose, 
Kov/ever, S— categories and pullback stripping functors, 
the latter nwre so, seem to be defined on an ad hoc basis. 
Their forioulation is essentially a translation into ' . 
categorical language of the properties vhich one thinlcs 
are basic. Top categories are different in the sense that 
they fit into a theory which is important in its ov/n 
ri^ts they are fibered categories in the sense of 
GRCTrlET'IDIEGIC [ 62 ] and GRAY [59]* In fact, top categories 
were earlier called T~fibered categories, Tvlany results 
for top Categories, as WLEIl [172] observes, hold in 
general fibered categories as well, fJLso, top categories 
easily lend themselves to the stu(|y of topological algebra ^ 
in fact help in a slight generalisation. For these reasons 
we thinic that aesthetically and mathematically top 
categories are more suitable for an exploitation of cate- 
gorical ideas in general topology. Accordingly, the 
fo^i-lowing three chapters are devoted to top categories. 



In this chapter, v/e collect some general inforaar- 
tion about top categories* Section one lisits some 
examples. Section two examines the general behaviour 
of a top category ^^ith respect to A Properties 
such as constant-generation have been considered. It 
also explains some notational conventions and contains 
some preliminary results viiich are given in 7/YLER 
[172], Section three examines the question of facto- 
rization of morphisms in with respect to the same 
question in 4, It also exhibits the relationship 
between an equalizer and an extremal monomorphism, 

2,1 Examples of top categories 

/i. Let he arvy category. If pA is alvfays the trivial 
lattice for any A e A and ; pA' ^ pA is the unique 

o p 

map for any a.: A A’ in then P;A, 4 is an 
isomorphism of categories. Thus every category is a 
top category over itself v/ith identity as the 
projection functor, 

B, If A is a set, let pA be the lattice of ail topo- 
logies on A vihere the order in pA is given by 
setting cSj^ ^ iff cc^—open sets are also open. 

If for a function a: A -» A’ and a topology x' on A' , 





oF x' denotes the topology on A given by the sets 

V B x’’ f then p; -> ORD is a topological 

theory. The top category EKS^ is easily seen to be 
TOP. 

G, If GRP denotes the category of all groups and 

homoiaorphisFiis and pAj^ for any group A, stands for 
the set of all topologies on A vhich are compatible 
with the group structure, then proceeding exactly 
as in example 3 above, v/e get a topological theory 
p; GRP^P ->> 0?.D, The top categoiry GR?^ is the 
category of topological groups and continuous 
hoinomor phi sms. 

This example is typical of categories in topological 
algebra, v'-JYLER [172] has given a general procedure, of 
constructing such examples. 


D, If, for any set A, exp A denotes the set of all 

subsets of A, a merotopy on A is a set X C exp exp Pi 
such that 

1) If 33 G X and cCj^ C exp A such that to each M e 
there exists an x^ with ¥i^ D M, then x^e X, 

2) If 03 U y s X then either 03 s X or y e X. 

3) ((a)) G X for each a e X, 

If mA denotes the set of all merotopies on A, define 
an order on mA by setting X^ ^ iff Xj^C X^* Then it 
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is easily seen that mA is a coiaplete lattice* If 

a; A is a function and X’ e ttiA' then let 

a^X* = supfx e mAlaX C JC* | , Then m: ORD is a 

topological theory on 013, The category ENS^ has 
objects (A,X) v-!here X is a raerotopy on A, Its morphi sirs 
a: (AfX) (a’ ,X’ ) are given by functions o: A A’ 

such that o-XC X’. EMS^ is the category of aero topic 

spaces and raero topically continuous functions * 

Merotopic spaces vrere defined by KATETOV [no]* 
Similar exaniples of top categories are the so called 
limit spaces, yniform limit space etc* (cf IWLER 
[ 172 ]). 

E* If rA stands for the lattice of reflexive relations 

on a set A ordered by set Inclusion and a; A A’ 

F 

is a function, let a j rA’ rA be defined by 

a^x* = [ \ iax^foxc^) &x' ] , The top category 

r 

E!JS is the category of reflexive relations* 

F, If, in example E abov/e, rA is replaced by pA, the 

lattice of pre— orders on A, and we proceed as above, 
EMS^ is the category of pre-ordered sets and order- 
preserving functions. Similarly, if v/e start mth 
eA, the lattice of equivalence relations on A, v/e 
get ENS , the category of equivalence relations* 
LdRAIN. [ 130 ] has proved that both these are full 


subcategories of TOP* 
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G, If A is a set, a tolerance on A is a reflexive and 
syiaaetric relation on A, Then if in example E above 
rA is replaced by tl A , the lattice of all tolerances 
on A and we proceed similarly, the resulting category 
ENS^^ is the category of tolerance spaces and 
tolerance — continuous functions . 

This category, viiich may be denoted by TOL, is very 
useful in automata theory and v/as introduced there by 
/IIBIB [104]. 

H, If A is a set, a fuzzy set in A is a function 

x: A [o,l] vliere [0,l] denotes the closed unit 
interval. The set of all fuzzy sets is ordered by 
setting ^ x^ iff x^a ^ x^a for all a e A and 
is then a complete lattice, say pA, For a function 
o,i A A’ and a fuzzy set x' i A’ [0#i] let 
cP x' ~ x' a: A [0,l]. Then p: EUS^^ ORD is a 

n 

topological theory on EMS, The top category EKS 
has objects (A^) viiere A is a set and a; is a 
fuzzy set in A. A morphism ai (A,£c) (A’ fX' ) 

in ENS^ is given by a function a: A A' such that 
ic ^ a;' o . 

Fuzzy sets were introduced by ZADEH [177] » to 
stuc^y situations indecision theory, pattern recognition 
etc, ’^'shich are fuzzy rather than statistical. Since 



then they have been found useful in several areas such 
as automata theory (inzUB/lDTO, TOYODA and T/lIAl'A [145]) 
and switching systems (WJUllOS [I 38 ])* GCGUEri [56] 
generalized this notion to the so called V-^ s et s by 
replacing [0,l] by an arbitrary partly ordered set V, 
Ilhile V~sets will not form a top category in general, 
it is clear that [0,l] can be replaced by any complete 
lattice L and the L- fuzzy sets as defined by GCGUEII 
[55] form a top category (but not xvith his morphisms). 

In particular, I'shen [0,l] is replaced by the two-element 
set [ 0 , 1 ] with the order 0 < 1, the resulting top 
category is the category of pairs of sets vdiose objects 
are (A,X) with X a subset of A, and morphisms a: (A,X) 

(a’ ,X’ ) are functions a: A A’ such that aX C X 

A fuzzy topology on a set A may be obtained by 
replacing sets by fuzzy sets in the usual definition 
of topology. Explicitly, a fuzzy topology on A is 
a set X of fuzzy sets in A such that 

1) The constant functions 0, Is A [0,l] are in X 

2 ) If ^ then inf (x^fX^) is in X. 

3) If [a?. U sl| C X, sup [a;. |t si] is in X, 

Lf V 

Defining ^ X^ iff x e implies x s we may 
order the set pA of all fuzzy topologies on A, Then 
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pA is a complete lattice. If at A A' is a function 
and JC* 8 pA’ then cPx' = [x' a\x' b X* 1 is a fuzzy topology 
on A* It is not hard to see that p; ORD is a 

topological theory on ENS* Then the top category ENS 
is the category of fuzzy topological spaces and fuzzy 
continuous functions in the sense of GHAIIG [27]. 

2. 2 Generalities 

Below we list certain propositions, {^ite a f e^v 
of them are in VNLE7i [172] though not necessarily in 
the same words or even listed as propasitiong in [172]. 

No arguments have been provided for these results and 
we include them simply for the salce of completeness* 


Proposition A CWLER [172]) If A ^ a tofi category 

over A.f then the pro.j ection f unc tor P : A A has ^ 

left adjoint right inverse a (o£ a if the situation 

demands it ) obtained by putting cdi = (A,a^) for 

k z A and a a = a; ot/i oc/*’ for at A A’ in A. Dually , 
o 

P has a right adjoint right inverse ^ (or w^) obtained 
similarly . 

For a: A’ in A and x s pA, a^ s pA* may be 

defined by requiring a^ ^ x' iff x ^ aF x' for all 
x' e pA' * As has been observed in 1*2, this defines a 
map , a : pA -» pA’ . , . 

Jr 
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Proposition B ('AYLER [l72]) The maps a define a 


covariant functor fron A ^ ORD, 

Proposition G {;;yLER [iT2l ^ a,; A» a^d o) :A* - 4 ^ A" 
are in A and if x s pA and cc” e pA” , then the following 
three statements are equivalent, 

1) a} a, % ikfX) -> (a*', cc") is in 

2) a : (A^x) (a', o,^. £c") ija 

3) a’ J (A',tt cc) (A",£c") i^ in 

P 

Proposition D (IWLER [l72]) The maps actually define 
£ topological theory on A^^ and tjie top category 
constructed is i somorphic to 

This means that as long as A is not specialised, the 
theory is self— dual, I'Je ivill normally not mention 
duals of any results in our discussion. 

For monomorphisms etc,, we have 

Proposition E (IWLER [172]) A morphism (x^a^x') of 
is a monomorphism (epimorphism ) in A^ iff a is a 
monomor phi sm (epimorphism ) in A, Isomorphisms in A^ 
are morphisms (a^x' , afX' ) ^ere a- is an isomorphism 


in A, 
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It is usual to call a category balanc ed if a niorphisn 


v/hich is both a monomorphi sia . and ain epimorphi s!a must be 
an isomorphism.. If X" is balanced then A, is clearly 
so and if ax A A* is an isomorphism in A, oPrc' = ^ ^ 
for every cc’ s pA’ , In particular, ® = 1 . ix) = ^ . 

A pA J-i 

for every x s pA which is not possible unless pA is 
trivial for each A. That is, 

t 

Proposition F Non trivial t op categories are not bala- 
nced. 


Since abelian categories are balanced, 

Propasition G Non trivial top categories are non-abelian . 

The following definitions are standard. If 
A, i = 1,2 are two monomorphisms in A, one says 
^1 ^ ^2 these exists a (necessarily unique mono- 
morphism) at Aj^ such that = a^a, rath this 

ordering, the class of all aonomorphisms with A as 
codomain is partly ordered in the follovang sense; if 
a^t A, i = 1,2 are two monomorphi sms such that 

^ Or^ and a^ ^ then there exists an isomorphism 

•-♦1 ■ 

a: A^ A^ such that a^a = and a^ = a^^a , /m 
equivalence class of monomorphi sms v/ith A as codomain 
is called a subob.1 ect of A, A category is locally 
small if every object has only a set of subobjects. 
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Quoti ent obj ects and co locally small categories are 


defined dually. 

The following proposition is then obvious. 
Proposition H JlP ^ locally ( colocally ) small iff A is o 
The next result is due to Vf/LER [174] 

Theorem I The following categories are not colocally 
small : separated lisiit spaces , separated neighbourhood 
spaces , separated uniform limit spaces and complete 
separated uniform limit spaces 
Obviously then. 

Corollary J The categories mentioned in theorem I 
abov e are not top categories ( ov er any reasonable 
subcategory of EI'IS), 

It follows that 

Corollary X A sub category of a ^q£ category Jp n eed 
not be a top category over a subcategory of A, 

Of course, the conclusion in corollary K above is 
evident from the simpler facts that epimorphi sms in 
T^-spaces (cf, B/HOM [ 13 ]) and in Hausdorff spaces are 
not necessarily surjections. 

For limits in A^ we have the following 
Theorem L (-'/YLER [172]) A diagram As 3 ->• has a 
limit in Jp iff the diagram PA s ® A has a limit in A, 
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In particular. 

Corollary M The ini tial obj ect (the terirJ.nal object ) 
in aF is given by (/i, aj where A is the initial 

object (the terminal obj ect ) j ^n A, 

If A has a zero object (an object ^'iiich is both 
initial and terminal) then it does not follov/ that 

P 

has one. An example is given by talcing A to be 
GRP, pA, for any group A, to be the closed interval 
[0,l], oF ^ for any homomorphism a, to be identity on 
[0,l], Then a morphism ov; (A,cc) (A’ ,cc’ ) in A^ is 
simply a homomorphism ai A -> A’ such that 0 ^ m ^ 1* 

Obviously there is no zero object in A^ because the 
initial object is (*^y0) and the terminal object is 

3.) where * is the group consisting of just one 
element. Therefore, additivity and preabelianness etc, 
do not automatically lift from A to A^^ If one v/ants 
them to be lifted one has to assume that the lattice 
of structures on the zero object is trivial. Frequently 
(but not alway s—replace GRP by EMS in the example just 
constructed) the same is true for initial and terminal 
objects of A, The case of the terminal object is a 
bit interesting and we discuss it in some detail. 
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If A. has a terminal object j say T, then IiS?*RLIGH 
[77] defines a morphism a: A -> A' to be constant iff 
there is a factorization A - A* = A -» T A; 
(Actually HERRLIGrl has a definition for general cate- 
gories but vjQ shall restrict ourselves to categories 
with a terminal object in viiich case the definition 
above is an equivalent formulation) , If A is an li- cate - 
gory (ilERPJLIGH [ 177} the sense that A (A,A’ ) is 
always non-empty then any A T has a right inverse 
and the above a” 1 T -» A’ is unique* Thus for an IVr- 
category with a terminal object T, it is possible to 
decide the constantness or otherv^ise of a morphism 
with clarity. If Ap is such a category, clearly so is 
A, The converse is not true in general. Indeed, 
norir-erapty sets form an li-category (with a terminal object) 
and fuzzy sets in non-empty sets form a top category 
over them but there is obviously no morphism of fuzzy 
sets from the fuzzy set in A v/hich takes A to 1 in 
[0,1] to the fuzzy set in A vhich takes A to 0 in [0,l]* 
The key to this situation is given by observing that 
fuzzy sets in the one-point set are more than one (in 
fact, a continuum). Precisely, we have the folloxving 
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Proposition N Let ^ ^ fv^ catej^ory with a teriainal 

D 

obj ect T and let A ^ a top category over Then 
P 

L^^ ^^ategory iff pT ^ trivial . 

Proof ; Assume that is an I^category, Ihen 
l^r (T,co^) -5, (T,oc,j.) has to be in 

i*e, ^rp = oCrp and pT is trivial. Conversely, 
assume that pT is trivial, Tiien if. (A^x) and (A’ ,2;’) 
are any two objects in A^ and gs T A’ is in A then 
(A,£c) (?,pT) (a* ,ffi’ ) has to be in i.e^ A^ 

is an liS-category, 

/in ^/-category is constant-generated (HERRLICK [77]) 
iff for every pair of distinct morphisms Gi • g^; A -> A' 
there exists an object Z and a constant morphism 
k: Z A v/ith ^ those with a terminal 

object T, Z can always be taken to be T, Mon-empty 
topological spaces are constant— generated. Some interes- 
ting results hold in constant— generated categories- 
for example every core flee tive subcategory is both 
raonocoreflective and epicoreflcctive ClEaRLiai [ 77 ]), 

If now A is constant— generated v/ith a terminal 
object T and g: (A,a;) ih' px' ) is in then 
GS A A' is in X and factors as. A S A’ = A T S* A’ 
so that (f.px) (A’ px^ ) = (a, 2;) (T,pT) ^ (A’ ,£c’ ) is 
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a factorization in provided that pT is trivial* We 
have then the following 

Corollary M In proposition N abov/e _^ ’ Iv ^category * can 
be replaced by ' constant-generated ’ . 

2,3 Bicategories 

In EI'IS, every function can be factorized as a 
surjection follov/ed by an injectioPo This is an 
important property v/hen considered in categorical 
setting. For example, in trying to characterize reflec- 
tive subcategories of a category, one invariably looks 
for a suitable "factorization-through-the- iraage"- 
property of morphisms. The most pragmatic axiomati— 
zation is due to ISBELL [ 96 ] 

Definition A Let Jl be a category, A b l category 
structure on /u is a pair such that 

BlCl Every isomorphism is in 0 
B1G2 and are closed under composition 

BIG 3 Every morphism a of A can be Vi/ritten as 

a = a, Or with a. s B., i = 0,1, Furthermore, 

1 o 1 Ir ^ ' 

this factorization is unique in the sense that 
if & = a\ a* then there is an isomorphism e for 

JL U 

which ea = ai , 0-16 = a, 

O O ' 1 1 
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B1C4 is a subclass of epimorphi sss of X 

B1C5 is a subclass of K5onoinorphisns of X 

Proposition B If ^ a bicat e^^ory structure . 

on A, A^ a top cate^^ory over A, and . 

®o ~ (a', a') I a, 8 

= {ai ii\t,aFx' ) (A* yos’ ) 1 a e - 

then (3^ # ®1 ^ £ bi category structure on A^, 

Proof /in isomorphism, in A^ is of the forra as {A,a^£c’ ) 

(a’ jx} ) with a: A A’ an isomorphism in A,- Thus 

a 8 B n B- and hence iaPx' • Oa a;’ ) © „ 

If as (Ajic) -4 (a' ycc’ ) and a’ 5 (/.’ (A", a;") are in 

then so is a’ as (Aj®) (A’'j,a:;")* Also, if a; (A,cFx' » 

(A‘ } and a’ : (A’ , cJ^x") {A”,®'*) are in and 

they are composabie then ®’ = a’^®” and hence {®,a’a,®’') 

= ((a’a)^®", a’ a,®”) is in , Finally, if 

a: (ajfX) (/i’ ,®’ ) is in A^ then there is a 3^—Bj^ — 

factorization A -> A’ =A -> A” /J , Clearly, 

(a,®;) (a' f,®’ ) = (a,®) (A” , a^ ®' ) ) 

is a B^ - — factorization. If (A, ®) ^ (A", a’^ ®’ } 

-> C/i’ ,®’ ) is another — factorization then 

' o 1 

e = Cl so that a^ ®’ = (a^e)^®* =e^a^^®’ and 



3ICI,2,3 have 


^ 39 -, 

, e, ) is an isomorphism, 

novif been proved to be satisfied, 3IG4 aiid 5 are 
obvious. 

It is not hard to prove (cf, IC/-i;MICOM [114] that 
if (B ,B,) is a bicategory structure on A then every 

O X 


diagram 


a sB 
o c 



aieBi 


can be f.:’41ed in uniquely at the dotted arrow so as 
to render everything commutative- the ccmsutativity of 
the outer sequare^ of course, being a hypothesis, I’Jhen 
3^ is the class of all epimorphisms, monomorphi sms 
satisfying this diagrara-diagonalization property" have 
been called strong monomorphi sms (KELLEY [ill]), strict 
monomorphi sras (JURCIiESCU and LAECU [103]) or just plain 
monomorphi ssis (AC-DUini [2])<. They seem to be most useful 
in categories in general topology and functional analysis. 
A slightly weaker, but nonetheless very useful, concept 
is that of an extremal mo nomo r ph i sm defined by ISBELL 
[96], These are monomorphisas n such that m = fe and 
e an epimorphism iraplies that e is an isomorphism. 

Cl early , 

^•'^o ppsltion D Extremal monomorphi sms in jiF are of the 
form iwr ) v/ith m, an extr emal monomorphi sm in 4, 
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The following results have been obtained by several 
persons. .A convenient reference is HER.u.LICfl [73] 
Propasitlon mo nomo rph i sms ar e clos ed under 

composition iff they are strong mo no mor phi sms 


Proposition F The compo sition of an e?abr emal monomorphism 


and a coretraction is again an extremal monomorphi sn 


Proposition G Every equalizer is an ex tremal. 
monomorphi sm. 


JURCHESvXf and LASCU [l03] show that the proposition 
G above can be strengthened to reads every equalizer 
is a strong monomorphism. Below v/e prov/e a result 
imich goes in the converse direction of proposition G, 


Consider the follov/ing diagram 



f 


G 


Vie say that ^ icernel pair of f if ffjj^ = ff 

and Vihenever fl : A* B, i = l<i2, are two morphisms 
such that there exists a unique morphism f s A' -> A 
such that ff. = fl. If (f. ,f' ) is also a kernel pair 
of f then there exists f’ : A A’ such that fl?' = f^ 

i> Ij 


2 


= l^and = l^t. 


Then by uniqueness requirements ff 
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That is, upto an isomorphisia, kernel pairs are unique. 
The diagram above may be said to be exact if 
is a kernel pair of f and f is a coequaliscr of 

VJe may abuse the language and say that f is 
an exact coequalizer of one has 

exact equalizers. 

Theorem H Let A he a category such that if f ^ ; A -v B , 

■& = 1 ,2 are Eionomor phi sms then their co equa- 

lizer alv/avs exis ts and is exact . Then If A has finite 
coproducts , every extremal monomorphism in A is an 
exact equalizer .- 

Proofs The argument is summarized in the diagram below 

— - 



Explicitly, let ms A -» B be an extremal monomorphi sm. 

Let and be two isosiaorphic copies of B with 

b^s B ^ t = 1,2 as the corresponding isomorphisms. 

Let + B^ be the cpproduct of and with j3^, 

t = 1,2 as canonical injections. Then the isomorphisms 



s B. -5- B induce a morphisra h: B,+ B B such that 

1 / ' X ^ 

b/3, = b. • Tlius both ^.b, and j9_b^ are coretractions 

so that the compositions B.b.m, i = 1,2 are extremal 

*1/1/ 


monomorphisms. Let e; 3^ C be the co equalizer 
of ■& = 1,2, By assumption, this is exact. If 

now h; A' 3 is such that (e h = (e {3^2^ ^ 

then sime J3^b^m) is the kernel of e,, there 

exists a unique hs A* -» A such that ^.h.wh = /3. b.h^, 
Since jS.b.. are coratractions, nH=: h. The uniqueness 

U Tf 

of K is obvious and m is the equalizer of and 


e^2^2* : B B' , t = 1,2 is another pair 

of morphisms v/ith /9^ 7?i = /3^m then the morphisms 

M b7^ : B. -> B’ induce a unique morphism /3: B_ +B 
u % Ij X Z 

B* (not sho^vn in the diagram) such that /3.b = jSp 

' U u 

Then Since e is the equalizer of 


^1^1^ and ^2^2^ there exists a unique morphism k; C 
such that !<e = Then .H e jS.b. = pjS.b. = jS'. s The 
uniqueness of h to ascertain that ? ®^2^2^ 

indeed the ’cokernel pair' of m is easy to verify. 
Thus m is the exact equalizer of e/3j^jL ®^2^2* 


Ahen /<P is 


top category over A, 


Iheorem I Let ^ as theorem H above . Then 

13 

every extremal mo nomo r phi sm in is ^ exact 

equalizer. 



Proof; One proceeds exactly as aboveo 3.enenbering 
that ? preserves equalizers, coring via ? to and 
going hack again, -the desired conclusion is obtained. 

Theorem _I improves theorem 1 of 'HEDLELIGH and 
STREQiER [so] viiich says that in T C P , topological 
embeddings, equalizers and extremal monomorphisms are 
identical* 



In this chapter, v;e discuss the behaviour of 

"O O' 

functors S i vhich ’lift’ functors F; Jl -> S, 

Section one is a resume of soiae definitions and 
results from [172]. Section tv/o gives a theorem rJhich 
says that if A is small, diagrams in^ ‘ over , viiich 
lift diagraKBin S over Af form a top category over 
them, and uses this to derive a result of Vf/LEFi [l72]. 

It is quite natural to aslc what properties of functors 
are invarirent under lifting and section three provides 
the ansv/er for some basic properties. Section four 
proves that the subequalizer of a pair of functors ^ 
and ¥ which lift F and G respectively, is a top 
category over the subequalizer of ? and G, As coro- 
llaries, it observes that the consaa category of $ 
and ¥ is a top category over that of F and G and 
gives a simple proof of a result of 17/LEu [172] 
concerning lifting of universal norphismsi Section 
five studies lifting of local adjuction. Finally, 
section six gives an example ivhich solves a problem 
raised by FJYLSR., 

3.1 Definitions and basic information 

D 

If A is a top category xvith the projection 
functor P : A a nd is a top category with the 



projection functor Q; Sfc then r/e say that_ a functor 

$ ; /iP S>^ lifts a functor Fs S if = FP, If 

S' and ¥ lift F and G respectively, then vie say that a 


natural transfornation At S ¥ lifts a natural trans- 
formation X s F G if A.P, If S lifts F then 

F = qS a = OS w and thus S deteraiines F^ 

P ‘ P 


Proposition A (rJYLER. [172]) Let F: A S a functo r 
If maps ; pA qFA ^ 02.D are ,^iven , one for every 
obj ect A of Af and if 


1) ^ (Fo)^ 

in qFA whenever a: A A’ is in Ao and x ' s pA* , th en 


2) ^ iAfX) = (FA, 9^®), So, = Fa; S (/i,®) S (A’ ,33* ) 

for obj ects (A,a3) and oorphi sms a: iA,x) (A' ) of 

define s a functor S t A^ -> which lifts F, 

Every functor S ; Ap Sp vjhich lifts F ^ obtained 
in this way . 

The maps 9^, are called the structure maps of the 
functor S, If S lifts F each 9. preserve infima and 
1) is an equality,- we say that S is taut over F, 

Propo-si tion B (7'AfLER. [1721) 1 _ lifts 1. , with 

~ 

D O O ^ 

structure mps i£ ^ ° a nd ¥• -> f 
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lift F; /o -5- S> and G; S g r/ith structure raapg and 
respectively then IF $ lifts GF, v i ith structure^ jaaps 

’^faV 

Proposition G (I'VYLSR [172]) IS functors $ a nd ¥ from 
J'P ;to lift functors F and G froEi A ^ , 17 ith struc- 

ture ipaps 9;, a nd , then every natural transformation 
A: '^ -> ¥ lifts a natural transformation Xi F G, a nd 
in giis situation A and \ det ermine each other . 

Proposition D (llYLEL [l72]) A in proposition C abov e 
is a natural equivalence iff A a natural equivalence 
and 9 , = for every A s A • 

3a2 Lif tin.g of functors is a topolo.’^ical theory 

D Q 

In general, a functor §; A* -> nay not lift 
any functor F; A £>, The follov;ing siraple example, 
due. to V/YLER. [172], illustrates this situatiOHi. Let 
be the category of pairs of sets (of, example 2,1^} 
and let = E!^3, both considered as top categories 
over EMS, Put T{A,X) = X for a pair of sets and let 
TO- : X -5i be the restriction of a for at (A,X) (A’ ,X' ). 

Since ? (A,X) = A and QX = X in this situation, there 

can be no functor F; EI'IS EfIS such that QT = F?, 

13 Q 

On the other hand usually many functors § s /S S 
will lift a given F: A S (two obvious ones are 
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a ?? and w F?), In view of this, it is of some 

q q 

inter esj^ to prove the following 

Theoreri A Let /iP and ^ top categories . If Jt 

P O' 

i s SEall . then the functors $ : fi £ v/hich lift 
functors F; A fora a top category over th em. 

Proof Since jI is sRall, there is at most a set of 

structure raaps (p^, ; pA q?A, and consequently of functors 

^ which lift a given F; A Denote this 

1 2 

set by rF and define an order as follows; if § 

lift F then ^ iff ^ cp^ for every A s jC 

o 

in the sense that f a: ^ <p^ a; in qFA for every x s pA, 

If al I is a set of functors lifting F, § = 

sup is defined to have structure maps <?, such that 
cp. 33 = sup 9*^ a; . If a; A -> A' is in A and a?’ s pA’ 

/ * iTi. 

then 

9'! ay x' ^ (Fg)^ 9"^;, x' 

/• 'i I i 

SO that taking sup on both sides of this inequality, 

^ (Fo) *^9 . , ax’ I that is% 9,, are structure maps 

indeed and § is a well defined functor lifting ?, 

Similarly inf is also definedo Thus rF is a coiaplete 

lattice. If G; A S is another functor and %.•, F, -> G 

is a natural transformation then for every A s A, there 

o 

is a morphism Xfit FA GA such that (Ga)7lA = iXA' )Fa 
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for every ch% A -> A* in A, .j^ssuring now that 
¥; lifts G, v/e construct a functor 

lifting F« It suffices to provide structure maps| 
we choose them to be 

{'^^)a ■ f, 

pA qFA = pA *4" qGA qFA 
If a: A A’ is in -S and cc’ e pA’ , then 

(X^ T/r ) (cJ’x' ) = (TwO^fAoPx' 

/a. i*k 

^ (AA)‘^(Ga,) since ¥ s r.G, 

Ua)% aiD 

= (Fa}^(AA’ 

ri 

h 

so that (A are structure mps indeed and A ¥ s rF, 

If ¥"*' ^ ¥^ so that "if/] ^ for each A s A then 

o 

(A^^"') .a? = CAA)^ (AA)^ -p^ x— ,x 

X'i. 1 1 /-'i /i 

d 1? 

for every jc s pA since CA*/0 ^ e CRD* Thus each A 
is order preserving, /igain, if ^¥"^11 s I^ C rG and 
¥ = inf ¥'^, then 

0J'tP)j,x = (AA)*V/;^ — (A/^) inf x) 

~ inf (CAAi)^ so that 

r / T V 

A ¥ = inf (A ¥ ') and each A preserves infima. 
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Thus r is a topological theor;/ on the functor category 

r* 

(a,®)* The top category Ct,£) has objects (F,§) vi^ere 
$ : lifts F; A 5Bo A morphism ; 

{F,§) ->■ (GfW) is given by a natural transformation 

IT* 

X; F G such that § ^ X ¥, Ouch a morphism defines, 

ID 

for each (A,£c) e A , a morphism A (A,aj) = (cp.a;, XA., 
o 

ir,,x) i ^ (AfX) -4 ¥ (A,cc) in such that if ai (A,a:) -> 

(a' ,3?' ) is a morphism in A , then the following 
diagram 


(FA, 


(Gri,cp . I ) 



iGPi^tp’^x) 


(GA' x^ ) 


commutes. In other words, this determines a natural 

transformation A.; 'S -» ¥ v;hich lifts Xo Conversely, 

if A; § -» ¥ lifts Xs F -> G, then for an^/ (Apx) e Jl 

a o 

A.(A,a;) = XA, Tp-, x) is in v^/hich means that 

X ^ iPKP^^pX i.e. $ ^ X*'¥o Identifying (F,^) to 
and ($, X, ¥) to the corresponding As § -» ¥ the 
theorem follov/s. 

This ttieorem has been included in [172], 

In particular, when each pA is the trivial lattice 

P Q 

so that A = A, diagrams in ^ over A are a top 
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oatesory over diagrams In ® over A. Indeed, Ir. this 
case It Is easily seen that a diagran « : s'! lifting 

a diagram F: i S is characterised by a family 
lyj A e A} mth y^s qPA for every A e A such that 
for any morphism a: A ^ in a. Also 
the order « ’ ^ is now given by {y^|| A a A i < iy2|^eyj 
iff y^ < B?, i" fd'- oil A a A, These obsen^atlons 
can be summarized in the form°of a corollary *lch is 
actually theorem 3.8 in [172], The corollary is 
evldentj the remrks above show that the proof in 
[172] is along the same lines as the proof of theorem A. 

His £g.tegory_o/ dlaj^rani in is a top 

ov^, the category__of diagram (over sar,e 
s £ke-iie ) in £8 , 

•^‘‘3 Irveriarxie under lifti^ 

:-Ve now look at the following question ; Suppose 
A B has a certain property. If § ; ^ 

lifts F, does § also have the sane property? The 
answer of course, is not always yese For example, 
if P; A & is the identity functor, then clearly 
£8^ is not going to be identity just because 
it lifts F. The following proposition explain the 
situation about some important properties 
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tiort A Let -if lift Fj A -^ $>• 


Then 
^ut OVCi! 


® f althf-gl o If ^ ^ 

^ is full 

^ i£ 9;^ i£ iHii £ functor then ® i- 

iff F Finally , '5 ^ represents tive iff 

is representative and each cp^, is ontO a 

Proof ; First, note that if latticesare regsf^®^ 

categories and order preserving functions 

. ^t-pntative 

theEi as functors, then a function i- is repre^*" 
iff it is onto and is full iff it is one-one 
reflects the order in the sense that fee ^ fy 


ic < y. Let now $ ; lift F: A -» If ^ 

faithi'ul and iA,x) ^ (A’ ,351 ) are in 

§ fejG^'.cc’ ) = ^ (£c,a^,£c’ ) i,ee Fo^ = Fo^J 
(FA* r cp, , jcc’ ) is inSv^, then Fo-j^ = 

t \ im 

in S so that cz,^ = A' and hence 

t t ^ be 

(£ 3 , 0 .^. £c’ ) , i,e. ® is faithful. Conversely, 1®*' 

Fa, 


^ 2 ' 


faithful and A -» A’ be in A such that '““'2 

Then &■,<?&„• (A,.>a.) ->■ (A' , oc,.? ) are in and ^9^ 

Faj_ = Fa^; (FA, (FA’ , a^, ) is in • - 

Since ^.is faithful, (a^v ^ 

G, = G„* Next, let F be full and let b; iFAg<9pf'^ 

JL w 

(FA’ , ) t>e in then b; FA -> FA’ is ih ^ 

i'l 

If 

and hence there is at A A’ such that Fa — b, 
now ^ is taut ever F then cp^, a ^ b%^^, 3?’ =: (Fa) ‘’^A’^ 
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9 .C ic* from Miicli we can conclude that x ^ a'' x' if 

/"i. 

is its 11 , Then (x, a, a’) is in with ^iXfO^^x') 

= (f .a;,b,cp a;’ ) and ^ is full. Conversely, if § is 

full and ht FA FA’ , is in $> then bs (FA, a-,J 

’ Fy. 

(FA’ , cx^^.j ) is in and if S' is t'ut over F then this 

i. t A 

is bj (FA, cp.a.) -» (FA’, q).,aj. But (^.a,, b, q) ,a,,) 

/i l a- l -A i A I A rii ■ J'\ i L 

in implies that (a , jo, a.r) : (A, a,) (A' ,a.,) in 

/'l Ak ' • 

ITS 

A' such that i>(a^.,c, ) = (cp^a^jb, t^,'a^,)i,e, there is 

0-1 A A' in A v/ith Fg = b. Thus F is full. Finally 

let F be representative. Then every object of £B is 

(isomorphic to) FA for some A e A, If (FA,y) s 

o o 

and each ; pA qFA is onto, then clearly (FA,y) = 

(FA, ^j.x) for some x s pA and ^ is representative. 
Conversely, let ^ be representative. Then every 
object of S>^ is (isomorphic to) (FA,<p ,a 3 ) for some 

J~k 

(A,x) e A^, i,e, F is representative and each $ ^ 
o 

is onto, 

A little reflection proves the following very 
desirable 

Corollary B ■ Let $ ; A^ lift F : jI $>,' _^en # 

is an equivalence iff F ^ equivalence and pA 

is isomorphic to q FA for every A e A 

o 
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3.4 Subegualizer s ♦ cogjaa categories ^ universal 

niorphisms 


Let F, G; £5 be two functors. The subequalizer 

(L/ISEC [123]) of F and G is a triple , D,t) viiere 

<& is a category, D; ^ A is a functor and t; FD 

GD is a natural transformation defined as follows. 

The objects of are. pairs (A,b) 'i^iere A s A and 

o 

b; FA -» GA is in S, (b,a,b’ ) ; (A,b) -> (A' ,b’ ) (or 
more simply, c: (A,b) -» (A’ ,b* ) of ^ is given by a 
njorphism at A A’ of A such that the following 


diagram commutes. 


ij 


FPi _ 
b 

N/ 
GA - 


Fa 


Ga 




FA* 

! 

b 


^ GA’ 


D is given by D(A,b) = A and D(b,a,b’ ) = a, and t is 
given by t(A,b) = b. The subequalizer ( has 
this universal property,? vjhenever there is a triple 
( ,9’ ,D' ,t’ ) such that D’ ? A and t* 5 FD’ GD' , 

then there exists a unique functor £?*&*-» ^ such 

that DE = D’ and tE’ = t’ <9^ is called the sub equalizing 


category of F and G, 



D 0 

Let 12S now assume that ^ and S are top 

D Q 

categories with projections ?: ^ A and Qs 

and®, are two functors such that ® lifts 

F: A -> fB and ¥ lifts G: /t -» If ( is the 

subequalizer of ® and ttien 

1 ) Objects of ^2. pairs (A^£c) ,b) vdiere (A^x) g A^ 

and b; ^ (A^) ¥ (A,a:} i,e, b: (FA,cp^a;) (GA,^^ic) 

q 

is in ^ , 


2 ) A morphisn ai ((AfX),b) -?• ( (A' ,03* ) ,b’ ) is in 

iff ai (A,x) -> (A’ ,a:’ ) is in A^ and the following 
diagram coismutes. 


• (FA,q)^, a; ) 
li) 

{GA,^^0J) 


ra 



\ (FA' ) 
✓ 


(ga^ j ^ ) 


A^ is given by Dj^ ( (A,£ c) ,b) = (A,a 3 ) and 

Dj^ (b, (03,0,0:’ ) ,b’ ) = (03,0,03’), and t^s ®Dj^ ¥D^ is 

given by t((A, 03 ),b) = b* I'Je now assume that ¥ is 

r 

taut over G and construct a top category ^ as follov/s, 

if (A,b) a ^ , define r (A,b) = [03 s pA| b : (FA,(?y,o:) -> 
o ' ■ 

(GA, . is in This is clearly a subset of 

pA, If now [a:. It si] C r (/\,b) and 03 denotes inf 03. 

in pA then v/e have cp,® ^ inf f .03. ^ inf b^ ^ 03. = 

b^(inf inf 03 ^ = ^>*Vy^a 3 i.e. b:{FA,9^a) 

-» iGA,f /.co) is in and 03 e r(A,b), Thus r (A,b) is a 

i u 
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sublattice cf a complete lattice and is closed under 
infima so that it is a complete lattice (but not 
necessarily a complete sublattice). If s ll C 

r (A,b) then sup is the inf in pA of those upper bounds 

in pA ^'diich belong to r(A,b), In case there are no 

n 

such upper bounds, the required sup is , Ifc see 

i i 

that wP s r (A,b) , note that b*^ = b'^ 

(since botli il/.t pA -s- qGA and b^; qGA -» qFA preserve 

/u 

infima) and hence b; (FA, ) -> (GA,^,,w^ ) is in 

/a l-u ' Ik Ji 

i.e, , s r(A,b), Thus, to every (A,b) e 

' o 

have associated a complete lattice r(A,b), If a; (A,b) 
(At,b’ ) is in -9 and £c' s r (A* ,b' ) , v/e define 
a x' ~ or x' , To see that a x' b r(A,b), note that since 
$ lifts F, a; A A’ is in and x' s pA’ , 

§^aFx' ^ (Fa)*^ 

K (Fci)^ b’^,,a:’ , since a;’ s r (A' ,b’ ) 

=: b^(Ga-}^ since (i) commutes 

= h^lr^aPx' since ¥ is taut over G 
vdiich says that bs (FA,^y^o^a*) -s (GA, tjj'^.cPx') is in 

qr 

$> , i.e, that a x' e r(A,b), Thus for any given 

a: (A,b) (A.' ,b' ) in ^ we have associated a function 

x* Fi r* 

a ; r (/i‘ ,b' ) -» r(A,b), Since cA is in 03.D, so is & , 
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since cJ" preserves infiina, so does a (r (A* ,b’ ) has 
the same infima as pA’ ) and thus r; ORD is 

S' 

a topolagical theory on -&» The top category ^ 

r 

with the projection functor • R; ^ has objects 

((A,b},a3) where (A,b) and x e r (A,b) , i,e, b: 

(FA« -» iGhff-.x) is in This means that 

S' 

{(A,b),cc) s B iff ((A,ic),b) e^. , Ai morphism a; ((A,b}ja:) 
o ^ o 

((a’ ,b’ ) ) in^S^ is given by a morphism as (A,b) 

IP 

(A* ,b* ) of such that £c ^ a £c’ ^ i.e. by a morphism 
at A A’ of A such that (i) coiiiniutes and cc ^ a. a;’ — 

a,^cc’ . On the other hand' a morphism as (A,sc},b) 
((A',a3')b’) of is given by a niorphism a: (A,m) 

(a' ) of /iP such that (ii) commutes, i.e, by a 
morphism a: A -» A’ of A such that x ^ oFx' = a x' and 
(ii) commuteso ccnuparison of the definitions 

shov/s that as ((A,b) ,a3) ( (A’ ,b’ ) ,cc’ ) is in iff 

ai i(AfX) fh) ( (a* jf£c' ) ,b’ ) is in • Kaking the 
obvious identifications,v7e see that the subequalizir.g 
category of ^ and ¥ is a top category over the sub— 
equalizing category of ? and G, Hext, PD^ ( (A,b) ,ic) 

= PD^{(A,£c),b) = P(A,a:) = A = D(A,b) = Dll((A,b),as) 
so that PDj^ = IR and lifts B. Ivibreover, the struc- 
ture maps, say d (/i,b) , of D, are just the inclusions 

X 



is in ^ 
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r(A,b) C pA, so that if as (A^b) ->■ (A’ ,b* ) 
and a?' s rvA’ ,b')j then d a x' = a x' = (Bd-) = 

^ (/'■’ b’ ^ i»eo is actually taut over D, Finally 
Ptj^ ((Ajb)ja;) = ?t^ { (A,£c) ,b) = ? (cp^.£Cjbj^,,a3) = b = 
t(Aj,b) — til ( (Ayb) j,as.) so that Pt^ = tA and t^ lifts t, 
SuEsnarizing, we have the folloiving 


27ieQ„re;ii„.A , . , , Let ^ s ^8*^ lift F i A ^ S> and let 
1; aP-^ b e taut ove r G; A -s- Then if' 
is, the sub equalizer of § and ¥, and (<&^D^t) is the sub- 
equiilizer of ? and G, ^ a_ top category over 
lifts D tautly and tj^ lifts t# 


As an application of theorem A above , v/e make 

the following observations. First if i 

F, ; A, -> © is a pair of functors and A^ x A is the 
XI ox 

product category with canonical projections zr^; A^ 

^ A^f t = Ojl then the sub equalizing category of 

and F,7r is precisely the comma category (F in 

the sense of LAWEAE [ 12516 Alsoj 

^1 

Lemma B If A and A, are top categories with pro j ec— 
— o p X 

Won functors F.i Aj"^ Aj, i =: 0^1 then the product. 

P ^ 

category A^^ ^ iS ^ top category over A^ x A^ vath 
the proj action func tor P = x P^, 





Proof; For ) s jI x A define p(/i ,A, ) = 

■ o i _ o i ox 

o 

p A X p,A, , This is a coraplete lattice* If 

O X X 

ia^paj) t -» (A^ , Ap is in x Jl^ and 

icp s pCAjjjApj define p(Ajj,/i^) 

pCAqjA^) by setting (o-^yc^)^ = (o.^ x^, aj^ a;^}, 

Then p; C-i x -» OR.D is a topological theory on 


"o 1 , 1" 


Then p; x A^-) ^ -» OR.D is a topological theory on 
A X A- and making the obvious identificationsj, (A x 

"" Po ^1 ' "" 

is seen to be isomorphic to a^ x • 

pQ 

If now X Aj^ » "£ = denote 

the canonical projections then 




P^(A^,^^) = A^_ =5r,(A^,Aj = ?r,?((A^,A,),fo^,5C.,i) 


1 / V o' 1 1 o 1 o X 


t = 0,1 

so that A. lift Tt, , Imreover , this is a taut lifting. 
u h 

Consequently, if A^ -» is taut over A^^ -» ffi 
then ^-.U, ; (A xA,)P -» is taut over F,7r, » A x A, -» B, 


*irA*Ul O VJ»'V * '*U mm 

11 O 1 


1"1” o “1 


Conversely, it is easily seen that if 'i'j^n^ is taut over 

F.TT, then S', is taut over F, » Thus S. is taut over 
X i X X - X 

iff is taut over F^Wj^. The coma category 

*§,) is the subequalizing category of 5 -JI and 
Which by theorem A above, is a top category over 
the subequalizing category of a nd i.e*. 
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the corania category (F^,F^)j_if is taut over 

i,e*, if 5>- is taut over F,. These reEjarlcs can be 


sunsiarized in the following 

Pq a ^1 a ■ 

Theorem 3 If and are tv/o 

functors such that lifts S> and ^ taut 

over Fj^: -» S3, then the comma category ^ 

S iop category ov er the comma category 


If F; S is a functor and B e £8 is a fixed 

o 

object then let (BjF) stand for the category whose 
objects are triples (Bjf jA) x-^here f; B -» FA is in £8 
and vdios e morphisms a- : (B,f,A) (B,f*yA') are 

given by morphisris cu • h A' of A such that (Fo)f == 


f’ „ The initial object in this category, if it exists. 


has been called the universal m.orphisra for F v/ith 

domain B( VJYLEn. [l72]). If now ^ i fP lifts F; 

A -> £B and (B,y) o then let rCSjf^A) = [a? e pA|:y ^ 
a , ° 

f^q)^£r;j. Proceeding exactly as above, it can be shown 

that if $ is taut over F, then r is a topological 

T 

theory on fe,F) and the top category (B,F) is isomor- 
phic to {(3,y),§), Since in general for any top 
category fP ^ the initial object is (/ua.) x'ixere A is 
the initial object of A, the folioxxdLng Hieorem is 


obvious* 
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Theorem G C'JYLSS. [172]) Let 9 ; ^ taut over 

Fi A -> ffl. Then h; (B,y) a univ ersal mor- 

phism for iff h,: 3 FG a univ et sal morphism for 
F and 

£' = inf[ X e pG|y ^ h%^] 

3*5 Ad.1 unction and local ad.1 unction 

Suppose aP lifts Fi A S>, If F has 

a left adjoint G, does S have a left adjoint vdiich lifts 
G? The answer to this question is Lmowo 

Theorem A (VJYLER. [l72]) ^ F: A 5B has a left adjoint 
G ; $1 A and § i -» ^ taut over F then ^ has a 

left adjoint IF s aP which lifts G, Conversely » 

if 5 has a left adjoint 'F tlien § 2 ^ taut over F_ a nd 
G = ?Fa = ?Fi^ left acLIoint to F, 

A functor F; A -S' ® is said to be l ocally left 

a di unstable CO'.?UT [lG2l) if for every f j 3 FA in 

S there exists an object f3 s A and morphisms fjjS'B -> A 

o 

in A, f : B -»F f B in $> such that (Ff,)f = f, r/Ioreover, 
' o 1 o 

if f = (Ffl)f’ vVith f’ ; A' A then there exists a 
1 o 1 

unique 6 ; fB ->A* such that (F 6 )f = f ’ a nd f 1 6 = f , . 
Local reflections, as example of local adjunctions 
have been considered by IC/vTUT [107]* V/e briefly mention 
them in the appendix. Let now morph A be the comma 
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category Then there is obviously a functor 

Fi morph A defined as follows. If f : A B 

is an object of raorph A, F f = (FA, Ff^B), If (h,k) s 
(A,f,B) (A’ jf’ ,B’ ) in morph is a morphism then 

F(h,k) = (Fhjk), The dual of the following theorem is 
proved in KAPUT [108], 

'Fb eor_era_^ . F i^ locally left adjunc table iff F has a 
left adjoint 


Proceeding exactly as in tiie preceding section it can 
be easily seen that if § : is taut over F then 

(1 y §} is a top category over CV^yF), If both F 
and S are identity functors, the assumption is trivial 
Thus 

Proposition G morph a top category over morph A 

Proposition D The full subcat egor.v of morph A^ giv an 
^ monomorphism s ( epimorphi sms ) of A^ a top category 
over the full subcat ego ry of morph A given by monomorphisms 
(epimorphi sms ) of A 


If now § ; JlP lifts F; A S then ^5 5 morph 

morph clearly lifts F; morph A -> morph S, Moreover 

Lemma E § taut over F iff ^ taut over F» 


P, 
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Proof; The structure maps '5^ are given hy.T^(aj,y) = 

<Pgy ) ^vhere cc e pA, y s pB a nd f; A B is an 
object in morph A, Looking at them, the assertion 
is easily seen to be true. 

Summarizing, we can state 

Theorem F If ^ ^ taut over F and F i^ locally left 
adjunctable then ® ^ a Iso locally left acjiunctable . 
Conversely , if ^ is locally left adjunctable then F 
is locally left adjunctable and ^ taut over ?, 

3.6 . M example 

In view of theorem 3.5A, I'.YLEil raised the follov?- 
ing question; is it possible that S' lifts F and has a 
left adjoint ¥ but not a left adjoint viiich lifts a 
functor G ; S A? '7e show by an exeimple belov^r that • 
this indeed is possible. 

Let TO? /JR be the category vincse objects are 
pairs (AjX) where A is a topological space and X is. 
a subspace of A, A morphism f; (A,X) -> (B,Y) in 
TOP/JR is a continuous function f ; A -> B such that 
fX C Yi If now A is a topological space let pA be the 
lattice of all its subspaces * For a continuous function 
f ; A B, define f ^ ; pB pA by setting f^Y = f ^[Y] 
for Y e pB , Then TCP AIR Js TOP^, 


If Q: TO? mm. 



and ?s TG'P/JPi TOP are the projectior, functois then 

P lifts Q« Also ? has a left adjoint a^i TOP TOP/J 

Ho¥/ever, a does not lift the left adjoint G to Q 

(or any other functor G ; ENS TOP.) since if A is a 

topological space. Pa A = A but G?A is A with the 

P 

discrete topology* 

This example has been included in VJYLER. [172]* 



P.EFLEGTIOMS /liD GOREFLECTIONS 

In this chapter, we obtain some characterizations 

of reflective and coreflective subcategories of a top 
P 

category A , The arguments employ familiar techniques 
and are mostly intended to demonstrate that in general, 
assumptions on A alone suffice for an examination of 
reflectivity 4.n A^ , In section one vs/e obtain the 
Freyd-Isbell characterization of a reflective subcategory 
of A^ depending on the same in A, We also obtain an 
improvement of the known characterization of isoreflective 
subcatogories of Ap , (IWLER. [172]) using some techniques 
of HUSEIC [87]. Section two proves that GLEASON* s method 
[ 54 ] of proving the coreflectivity of locally connected 
spaces in TO? is valid for characterizing arbitrary 
isocorefl active subcategories of any top category /r , 

The formulation in this section owes much to HEURLIGH 
and 3 TP.EGS:eR [8o]. 

4.1 R.eflections 

The follovi/ing theorem is knov/n (c f KENNISON 

[114]) 

Theorem a Let A a category with products . Let 
^ a right bicat ego ry structure on A such 
that A ^ B^— colocally small . Hien C A ^ B^— reflective 
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iff ^ closed under products and Bj^«~ subobJ ects , 

A right bicategcry structure is just a bicategory 

structure except that B is no longer reauired to be 

o 

a subclass of epimorphiscis. 

VJe have shown earlier (2,3B) that if 
is a bicat egoiy structure on A then (B^ , ) vltere 

= [a: (AfX) fX' ) | a a B ] 

o o 

B^ = I as (LgCpx' ) (A’,a;’)|a. e B^| 

n 

is a bi category structure on X* ^ It is easily seen 
that the proof is valid for right bicategory structures 
as well. Moreover, if A is B^--colocally small, clearly 
is - colocally small , And if A has products 
then by 2.21., A^ also has products. Therefore, theorem 
A above is applicable to and we have 

Theorem B Let A ^ a category udth products . Let 

(BoyBi) ^ a ri^t bicategory structure on A s uch that 

D 

is, 3^— colocally small . If A."' a top category 
over A and if (B^ , B^} stands for the right bicategory 
structure indue ed on A^ th en a subcategory ^ C aP 
- ^^eflective iff it is closed under products and 
B^- subobJec ts» 

This theorem is like theorem 7,4 of r/YLER [172] 
Roughly, that theorem says that if A has the epi« 
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extreisal aono factorization property, is Cio locally 
snail and has products then f is epireflective in -flP 
iff it is closed under products and extreml subobjects* 
Now epinorphisms and extremal mononorphissis do not fom 
a bicategory in general since extremal monomorphisms 
need not be closed under composition. Hence IWLER’ s 
result is apparently stronger in this sense. However, 
theorem B above employs the finer machinery of right 
bicategory structures viiich dispenses with the require- 
ment of being a class of epimorphisms. Also, the 
proof in KEIiMISON [114] does not need that be closed 
under composition. 

It is not hard to see that the characterization 
of arbitrary reflective subcategories (given in the 
appendix and due to XENNISCM [114]) can be similarly 
lifted into top categories using the same techniques. 

We no?/ proceed to discuss isoreflectiv e subcate- 
gories, These are reflective subcategories such that 
the reflection morphism is of the form (b* }• Such 

a subcategory is automatically full. The ■ follo?/ing 
theorem closely resembles theorem 1 of HUSEK [87], 
Theorem G Assume that A has products. Then a replf.te 
subcategory ^ C 4^" ^ isoreflective iff the follo¥/ing 


three conditions hold. 
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inclu siom functor f C aP preserves products^t, 

2) l2 every ob.lect (Apx) of /P there corresponds an 

ob.i ect (A’ ^ such that th ere exists a raono- 

corphism m: (A ,03) -> (/I'^cc’), 

3) ^ mi (Afx) (a’ ,3?’ ) 2^ any raononor phi sm in 

with (A* fX' ) in ^ then there exists an x^s pA such 

that X ^ x_ ^ mPx' and {a,xP s 

' ' ' ' O ^ o 

Proofs- If ^ is isorfelctive then 1), 2/, 3) are obviously 

satisfied. To see that the converse is true, let f 

satisfy 1) ,2) and 3) and let (A, a;) be any object in 
P 

A , Then there exists, by 2) and 3) an a: s pA such 

o 

that X ^ a and (A»x ) e Index all such x* s by 
00 o 

a set I and take the product n (A,£C.) v/ith projections 

1/ 0 J, 

TT^i E(AfX_^) -»(A,£c^}, Then there exists a unique aior- 
phisia ms (A,cc) n (A^a;.) such that (x, p.m.cc.) = 

* * 1 ^ "hi/ 

ix, and m can be easily verified to be a monoraor- 

phisn. Then by 1) Eik,Xj^) is in ^ and hence by 3) 

ther exists one x e pA such that a; ^ S and 'x) e '6 

with ms (a, a?) -» it {a^x^) in JlP , "Ae claira that 

^A* desired isoreflection of 

(/ifXji in if as (A,ai;) (A’ fX^ ) is a mononicrphisD 

with (A' fX' ) e ^ then there exists a j b I such that 
.0 

33 ^ 33 and p m = 1 ^; (a, 33) - 4^ (A But then this 



factors through (A, x)-. If c,% (A,£c) (A' ,x’ ) is not 

a monoraorphism, the sane reasoning can be applied to 
the EionomorphisEi given by the dotted arrov# in the 
follov/ing diagram 



Thus ^ is isoreflective, 

■■'/e shall say that a class of objects f C /iF is 

hereditary iff viienever ms A B is a nonoraorphisn 

and (B,y) is an object in (A, m^y) e This 

o 

definition of ’hereditary’ is slightly v/eaher then that 
given by I'JYLER. [172] in as much as it replaces extremal 
monomorphisms by arbitrary mononorphisns. 

Lemiiiia D Conditions 2) and 3) in th eorea G above are 
equivalent to the follov/ing fevo conditions ; 

2' ) /^1 objects (a, are in 

3’ ) ^ is, hereditary 

Proof ; Assume that 2) and 3) in theorem C are satisfied. 
Then since (A.ca,) is in there exists x' e pA such that 
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(A,£c’ ) s ^ ^ x' f i.e, ail are in 

/ilso. If m: A A’ is a nonoraorphisn in aF for ar^ 

x' B pA’ , m; (A,7n.^cc’ ) (PA ,x]) is a :aononorphisn in 

and by 3) ^ is hereditary. Conversely^ if 2’ ) and 

3’ ) are satisfied then for any iPi,x) s Ap ^ the existence 

o 

of 1.; (PifX) (Pi.»X) ,) satisfies 2) and the existence of 

l^.j (A,a;) (PifvPx' ) with (PifTnPx' ) e ^ for a monomor— 

o 

phiss. m; (Pk^x) (A* ,£c’ ) r^ere (Pi ^x' ) e f, satisfies 

o 

3). 

Combining, we get 

Propo:si.tion E If A has products the n a subcategory 
^ l£ isoreflective iff ^ i£ productive . hereditary 

and repl.^^e and all objects (A,<^^) are in 

This theorem was originally proved by KEriMISOM 
[112] for =TOP (see appendix), i’YLER [l72] has 
improved it to the form of proposition E above, His • 
result differs from proposition E in the meaning 
assigned to’ hereditarj'-' , 

4.2 Coreflections 

In this section, we obtain a characterization of 
isocoreflective subcategories of A^, As mentioned 
earlier, the techniques of this section go bade to 
GLEASCIM [54].' 



Lema A Let L be a complete lattice , let eg -» a;* be 
an endotaorphisi-i of L ^ ORD r/hich is. dacreasin?^; and 
let F ^ the set of fixed points of this endoaorphi sra « 
Then there exists a unique decreasin.q endonorphisa of 
L x'diich retracts L O.nto ?, 

n 

Propostion 3 A subcategory ^ of ./I ^ isoccreflective 

iff for each ob.j ect (AfX) of aP th ere exists one object 
(Ajic) satisfying the follov/ing four conditions 

1) £g ^ eg 

2) (a, x) g ^ 

3) S the greatest elemen t of pA satisfying 1) and 

2 ) 

4) I.f c&s (A,.eg) (a' ,eg’ ) ig in ^4^ then a? (A,S) 

(a* fX^ ) ^ also in A? 

Proof Obvious 

The promised characterization is; 

Theorem G ^ is an isocoreflective subcategory of Ap 

iff for each A e A there exists a function o; pA pA 
o 

such that 

1) O' is decreasing 

2) th e fixed points of a are precisely the ^ objects 
on A i.e. structure s such that A, v/ith those 
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structures ^^ives rise to objects \"7hich are in ’i 

3) IX fs (A, a;) (B^y) is a. norphism in j<P f 

then so is f; (A, a£c) -» (B^by), 

Proof Assurae that ^ is isocoreflective. Then propo- 
sition B above says that ai pA -> pA defined by setting 
C 5 £C = a is a function satisfying 1) , 2) and 3) above. 

Conversely j let ai pA pA satisfy 1), 2) and 3) 
above. Then if (A, x,,) » (A,£i 3„) are in Jp such that 
^ then 1^^; (A; oj^^) -j- (LfX^) is in ^ so that by 
3), 1^^: iAf ciXj) (AfOX^) is in jP i.e. ^ ax^ 
and a s CRD, Therefore leinraa A above is applicable 
and there exists a unique decreasing endoEiorphisn 
X ^ x^‘‘ of pA \diich retracts pA to the set F of those 

structures x a pA for vdiich ikjx) s A • '7e clain that 

'o' 

(a# x’"') ii\fx) is the desired isocoref lection. 

Since x x^'' is decreasing, 1,: (A^cc^*) -> (A,a:) is 

a raorphisni in fP , Nextj if (B,y) e ^ and f; (B,y) 

"o' 

(A,®)is in /P then denote f : {B,y ) -^ (Ai^f y) by 

f. Then is in fP and by 3) ^ (B,by) (A,G;f y) 

P 

D 

is also in However^ -since y is a fixed point of 

b, by = y. Then f; (B,y) -» (Ayaf^y) is in A^, By 
2,2G, : (/i, f^y) iA,af^y) is in i.e, fpy ^ 

a, f'pl/* But a is . decreasing so that f^y ~ a f^y 
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and (a* f y) s Since sc is in ORD and since 

p o ■ 

2.2C says that 1„: (A^f y) -»■ (AfSc) is in , we have 
that (fjy)'^' ^ £c*. Thus 1,: {A,f y-) (Aja?*) is in 

p ■ /ft ■ P 

ORD, The morphism 1 is the coreflection 

J-i 

of (yfffSc), 

Theorem C has been included in [l72], 

"7e close Virith an interesting observation due to 
IVYLER. [ 172 ], If and are top categories over 

a functor T: A^ A^\ is called a top functor over A 
if T is taut ov-er 1^^* is called a top subcategory 
of A^ if A^ is a subcategory of A^ and ti)e embedding 
functor is a top functor over A. Go top functors 
and CO top subcategories are dually defined. Then top 
(cotop) subcategories are precisely the isoreflective 
(isocoreflsctive) subcategories. Details are available 
in [ 172 ], 
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F?.EE PROJECTIVE OBJECTS 

A free abelian group rmy be defined as a coproduct 
of copies of the infinite cyclic group Z or else as an 
abelian group satisfying a certain universal property. 
The latter approach has found an expression in the 
language of adjoint functors and free-object functors 
as adjoints to the ’underlying set’ functors are nov/ 
well khovm. On the other handf free objects are 
frequently seen to be the coproducts of a certain 
fixed object, e,g, free topological spaces (discrete 
spaces) are disjoint topological sums of the single 
point space. The purpose of this chapter is to 
emphasize that this is no accident. In section one, 
vie give a ’ coproduct^definition’ of free objects and 
observe that this agrees with the usual ’adjoint- 
definition’ in a fairly wide class of categories. In 
section tivo, projective objects have been defined 
for the purpose of having a theory in viiich free objects 
will be projective. Some familiar results about free 
and projective objects have been established. In 
section three, we give a characterization of the 
category of sets. This section is independent of the 
other tv/o. Connecting all this to top categories is 
trivial| if A is concrete with the underlying set 
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functor ui 4 EMS then /iP is concrete with Pus 
EN3. 

It is a conveneient place to point out that a 
’coproduct-definition’ of free objects has been given 
by GSi.7,.3ENI [l6o]« As for as the author knows IiotjiV^ 
ever, no attempt vms made to connect it to the 
' adjoint— definition’ , 

5»1 Free Cbj ects 

For a functor T ‘S ET^S, the category of eleiuents 
of ?, denoted is the category viiose objects are 

pairs (XfL) where A is an object of and x e TA. 

A laorphisEi fi ix'fA) -> (y gB) in is given by a 

morphism f s 'A 3 of ^ such that Tf (a) = y. The 

initial object of T , if it exists, has been called 
universal element for 7 (cf, liacL/JJE and BIPJiHOFF 
[ 135 ] and we shall follovj this ternonology although 
"initial element’’ would now seen to be the most 
natural tern, ■'.’hen ^ is concrete, i.e. there exists 
a faithful ’ underlying set’ functor ut ^ EIIS it is 
customary to define, the free object func tor Fr; 

EN3 as the left adjoint to Ahen it exists, the 

objects Fr X are said to be free on the, set 'A, In the 

category of groups (abelian groups, modules, topological 
spaces, compact Hausdorff spaces) with the usual 
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underlying set functor, free objects are the usual 
free groups (free abelian groups, free Eiodules, 
discrete spaces, Stone-Gech compact! fications of 
discrete spaces), 

I’lox-/ Fr s EIIS f is left adjoint to ui ^ ENS 
iff the following holds; to any set X, there exists 
an object FrZ and a function C; liFrX such that 
for any object A of f and any function f; X uA, there 
exists a unique morphism h; FrX A such that (Lih)^ = f. 

Lemma A The free object functor exists only if the 
■ underlying set functor has a universal element. 

Proof; Let u% ’i ET’^S be the underlying set functor 
and assume that its left adjoint, the free object func- 
tor Fr; Elis -> W exists. Consider the object Fr (;^ ) 
where s- stands for the single-point set, '.lien v/e 
recall that an element in any set is simply a function' 
with as its domain, the condition given above for 
adjointness, on putting = b, reads; To arxy 

object A and to any point f s u A there is a unique 
morphism h; Fr (*) A such that uh (b) = f. In other 
xwrds, (b,Fr(^0) is the universal element for u. 

If (•b,B) is the universal element for the under- 
lying set functor u : ^ ENS, let B be called the 
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universal free obj ect . A free obj ect in ^ is defined 
to be a coproduct of copies of B. 

?ropositlon B Assuae that ^ has coproduct and u has 
a universal el ement (b,B). Then the free object 
f unc tor exists . Conversely if the free object func tor 
Fr; EMS ^ exists , then u has a universal element 
(bjB) and FrX precisely the coproduct of card X 
copie s of Be 

Proof; Define FrX = 4 - B where B is a copy of D, 

X & ^ 

and let B : B + 3 be the canonical injections, 

9 jiV* yv* /y* ^ 

uj tJL/ vLf 

Define gs X by setting gcc (b ) viiere 

CC ' iJu sc 

b is the copy of b in uB . 



A 


Next, let A be any object in f and let f; X uA be 
any function. Then to each cc s X there is a unique 

morphism f ; B A ^vith uf (b ) = fx. Consequently, 

^ CO sc cc 

there is a unique morphism h;^; B A v/ith h)3 = f , 

CO sc sc 

Then (uh) (^(x)) = (uh) (u/3 ) (b ) = u (h/3 ) (b ) = 

SC SC CO sc 
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u (f ) (b } ~ fx for every a; s X, i, e. li- h g = f. Thus 

XX 

Fr is left adjoint to li. The converse follows from 
leiama A and the facts that Fr, being left adjoint to 
Uf preserves coproducts and a set X is the coproduct 
of card X copies of * . 

A speculative digression may not be out of place 

here. Sometimes it is obvious that the underlying set 

functor u does not have a universal element but it is 

still possible to find a pre-initial set in i.e. 

a set ix^fh^) f ts I, of objects of Elu , such that to 

any object (y^B) of El u there exists some j e I for 

which there is a morphism f; (x.,A.) (y »B) in Elu. 

J J 

Such functors are called petty (cf, FREYD [ 4-93 )• The 
underlying set functor of the category of all torsion 
groups is petty with the set of all finite cyclic 
groups with their generators forming the pre-initial 
set. Direct sums of finite cyclic groups may be then 
called "pre— free*' and a suitable pre— universal property 
of these objects is not hard to show, 

5*2 Proj ective Obj ects 

A morphism e of a concrete categoit^ ^ may be 
called a surmorphism if u. e is a surjection, yhere u 
is the underlying set functor. If e is a surmorphism 
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emd f e = ge then u (f e) = uig e ) i, e, uf ue = ug ue 

iraplies that uf = ug. Since u is faithful, f = g 
and e is indeed an epiKiorphisEij V/ith this definition, 
Vsre say that an object X is proj ective if for any 
surraorphisrs e ; A B and any ciorphisia X -> B, the 
dotted arroi'/ in the following diagram 



may be filled so as to render it commutative. 

This definition is slightly different from the 
usual definition of projective objects in as much as 
it replaces the class of all epimorphisms with the 
class of surmorphisms. That this is necessary can be 
seen from the example of the category of Hausdorff 
spaces where epimorphisms are maps with dense images. 
The usual definition of projectivity then fails to 
satisfy our expectations! the most obvious free object 
the single point space-is not projective. Surjectivity 
then, is needed if we v/ant free objects in familiar 
categories to be projective. Quite justifiably, it 
may be said that some thing more is needed if one 
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wants to get 'good' projective objects - this defini- 
tion in Hausdorff spaces yields only discrete spaces 
as projectives, Hov^rever, here projective objects 
are defined for the sole purpose of exhibiting a 
satisfactory relationship with the free objects defined 
above. 

Proposition A universal free object is proj ective . 


Proof ; Let e; X Y be a surmrphisin , and let 

f ; B -» Y be any luorphism. It is easily verified that 
the covariant homfunctor f (B^) is naturally equi- 
valent to the underlying set functor ut ^ ENS, In 
particular, the following diagram 

UX = 


lie 




liY 


(B,Y) 


commutes. Corresponding to f s ^ (B,Y), pick the 
unique element uf (b) in uY, then the existence of an 
cc s uX v/ith ue (x) ~uf(b) is guaranteed by the 
surjectivity of ue. Pick h: B X corresponding to 
X & uX via the top natural bijeciioh in the diagram 
above. Then evidently f = eh and B' is- proj active. 



Proposition S Projective ob.i ects are clos ed under 


coproducts 

Proof; Let e ; Y 2 be a surmorphisra. If each X.. 

- ^ ' u 

is projective and x.t X. X is th dir coproduct, we 

wish to show that X is also projective. Let f; X 2 

be any morphism. Then fx^i X Z are morphisms and 

since each X^ is projective there are morphisms 

h. : X. Z such that eh. = fx.. Since X is the co- 
1/1 11 

productr , there exists a unique morphism h; X Y 
such that ha;. = h.. Then eha?. = eh. = fa:, and since 

It. 1 1 It ^ 

X. are canonical injections, eh = f. That means X 

1 

is projective. 

Corollary C A free object is proj active 

Proofs A free object is a coproduct of copies of the 
universal free object. 

Proposition D For a.ny object A, there exists a free 
object l- i and a surmorphism es 7-i A, 

Proof ; Set A = FntA and let ai u/i uA be the 
injection. Then there exists e; A A such that 
(lie) 0- = 1 .* It follows that ite is surjective and 

IMIu 

e is a surmorphism. 
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Propositicn E A retract of a proj ective object is 
projective . 

Proof: Let q; X X’ be a retraction i.e, there is 
p: X’ X such that qp = 1^. Ae shall show that if 
X is projective, so is X’ • Let e; Y S be a surnorph- 
ism and let h; X’ Z be any morphism. Then hq; X Z 
is a morphism and since X is projective there exists 
g: X Y such that eg = hq. Then egp = hqp =: h so 
that gp ; X' Y fills the bill and X' is projective. 


Propositicn F The following are equivalent 

1) X is proJ ective 

2) If e; A X is a surmorphi sra then X ^ a retract 
of A, 

3) S retract of a free obj ect 


Proof ; That 2) follows from 1) is clear. If 2) holds 
Proposition D tells us that there ejcists a free object 
X v/ith a surmorphism e; X X: this means that X is a 
retract of X, Finally^ if 3) holds, corollary C and 
proposition E imply 1). 

5*3 The category of sets and functions 


In proving proposition 1,B above we used the 
fact that every set is the coproduct of copies of the 



Curiously enough, this property 


single-point set • 
is almost sufficient to characterise EKS. Precisely, 

we have the folloiidng 

Theorem A category /i. ^ ( naturally equivalent to 
a skeleton of ) the category EWS ^ sets and functions 
iff ffle following conditions hold 

1) A has coproducts , 

2) Hi ere exists an object T that every object 

of A i^ (isomorphic to) a coproduct of its copies 
and for every X s A, A (T,X) consists of nothing 
except these canonical inj actions . 

Proof ; If A = EflS, 1)., 2) are obvious. Conversely, 

if 1) , 2) hold then if X is any object, there 

exists a set EX such that t : T ^ = X, 

^ ^ cc s EX ^ 

ivhere each T is a copy of T and the t denote 

CC ' it 

canonical injections. Let this correspondence be the 
action of a functor E; A ETjS, on objects. If 
h: X -» Y is ary morphism then define Bh : EX EY by 
setting Eh fa) = V iff where 
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stands for the identity raorphisra from T to T • By 

y ^ 

assumption, each ht 1 must be one of the t ’ s« If 
' X yx y 

now Eh = Si* then Eh fo) = Bi* (x) for every cc s EX 


‘'Vya; “ Vy® ~ ® ® ^ X. 

Since the are canonical injections, h = h* and E 

is faithful. 


To show that E is full, let f ; EX,-» EY be any 
function. Let T ->Y=T ->T_ -»Y, Then 

X xfx 

there exists a unique KK)rphisn h; X Y such that 
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I- Y = T Y 

y X f .X y 

i,e, iff f (ic) = y. This means that Eh = f and E 

is full. Since for any set A, E ( + T ) is isomor- 

Qp s A ^ 

phic to A, E is also representative. 

Thus E is faithful, full and representative 
i,e, an equivalence and A is naturally equivalent 
to SNS, 



/»??Erioix 


CATEGCP.IGAL lAETrlOiB THE 

CATEGORY 0? TOPOLOGICAL SPACES 

As has been remarked in the introduction, 
category theory has deeply penetrated the realm of general 
topology. In the introduction vm gave a general outline 
of how the problem of finding categories in y^^hich the 
concepts of 'topology on a set* and ’continuity of a 
function' have soaie v/orthiitiile meaning has been attacked 
In this article, we shall point out hov/ categorical 
methods have been used to reforiaulate, sharpen, clarify 
and improve. our knov/ledge of the very familiar category 
of topological spaces. It will be necessary, by the 
very nature of the subject under discussion to talk of 
general hypotheses and general results but we shall 
attempt to point out how the theory applies to the 
particular category in question. He claim to complete- 
ness .'is made but it is hoped that the article gives 
an idea of the current situation of the topics treated- 
the "currentness" of course being open to question 
for obvious reasons, Ye must mention that a brief but 
remarkably broad survey has been given by HERRLIGI-I 
[ 76 ], 

Throughout the following pages a topological 
property is a full replete subcategory of TOP and 
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t;., i = 0,1, etc, stand for topological properties con- 
1 / 

sisting of T.-spaces, 

If 

!• Generalities 

FSETfO [47] showed that the autoaorphisn class 
group of TO? is trivial, '.'/e shall not discuss the 
definition of autosKjrphism class group, our sole 
concern is with the implication of this result ^tiich 
is that every thing about topological spaces can be 
known if one forgets one* s toplogy buit remember one* s 
category theory, FG.EYD [47] has given a method by w'hich 
one can recogonize ’open* and 'closed* sets. The 
following characterization of TOP is due to KUGEC 
[89]. 

A category ‘S is equivalent to T 0 ? iff there is 
an object D in ^ such that 

1) (D,D) = [h,k, l|j] v/here hk = h, kh = k, 

2) If h^e ’S (X,Y) f % ~ 1,2, hj^ ^ h^ then there is an 
f e ^ (D,X) with the properties fh = fk = f, 

hj^f ^ ^ 3jX> stand for the set 

[ f ; D -5> Xl fh = fk = f 1 

3) Assume that v/e are given functions tjrt % (X,D)-» 

^ (Y,3), cp : < D,Y > -> < D,X> such that f (cpg) = 
for every g and f. Then = [f g o f] 
for some g; Y X 
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4) Let q) s < D>X> be a function which can be 

described by means of a family [3^1 i e I, j e j.# 

J : ^ 

j. are finite] from ^ (X,D) in this v/ay ; cpg = h 
1 / 

iff g"^ g = h for some t s I and each j s J^* Then 
q) = f o g] for some fs X-^ D, 

5) Let S be a set and $ be a subset of EfIS (S,[h,k]) 
satisfying the condition 4) with S and ^ instead of 
< D,X > and ‘S (X, D), Then there is an X in ^ and 

a bijection cp; S *- < D,X > such that the map 

fcpcc]]:^ (X, i)) ^ is also bijective. 


Using a three-point space it is possible to give 


a siE'iilar characterization for closure and proximity 
spaces and presumally several other 'continuity structures* 
BEKTLEY [20] has given necessary and sufficient conditions 
for a T-category (cf 1.1) to be isomorphis to TOP. 

His characterization depends on the fact that the lattice 
in question is cton»- generated, SCHLCi.IlE'C [158] has 
given an elementary theory, in the sense of L/:,7,¥EFc.E 
[124], for TO? , It is to be noted that the auto- 


morphism class groups of and are trivial and 
similar characterization should be available, ICOV/ALSXY 


[117] has given such a characterization for Compact 
Hausdorff spaces, metric spaces, paraconpact spades 
etc, have been characterized by S,P, FRAIEFLIK and 
B.V.S, THOId/iS (uhpublished). 
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Description of Ejonoraorphisms and epiEiorphisms in 
subcategories of TC? is a matter of some interest, 

BinGESS [22] has given a general procedure by rthich one 
can find out epimorphisms in categories of topological 
spaces. Let X be a topological space and A C X be a sub- 
set. Form the disjoint union X‘' == X,+X„ where X, and JL 

i- 2 i. 2 

are two copies of X and define an equivalence relation on 

X'‘ by identifying the two copies of Aj let the quotient 

space be denoted by X«# This construction can be used 

to prove the well Icnov/n fact that epiEJorphisms in w, are 

2 

exactly those naps v^ose images are dense. Rot surprising!;;^ 
the characterization for epis V7hich holds in tt does not 
hold in all its subcategories^ an example has been given 
by BURGGSS [22], BArcOII [l3]has used this construction to 
characterize epimorphisms in w , Kis result is that a 

O 

map e: B in is an epimorphisms iff for each b in Bj, 

every neighbourhood of h intersects [b}~ n eA, The notion 
of’ onto' in is also a categorical notion. Thus, let an 
epimorphism f be called pure (I33ELL [96]) if. f = g 
EK) none rph ism, implies that h is an epimorphism, Pure- epi— 
morphisms in '^2 are just the continuous surj ections.For 
monoraorphisms, it is an open scandal that the usual defini- 
tion of a monoroporphism as a left cancellable morphism is 
not strong enough in TO? since subebj ects do not turn out 
to be sub spaces. Several attempts have been made to define 
'good' monomorphisms. In 2*3 we mentioned the extremal mono— 

morphisms of ISBELL C.96]and ttie three identical concepts 



of ' monoEorphisEi’ of ARIUIMI [2] , strict kxi no morph ism of 
JURGHESCU and LASCU [IO3] and strong laonoaorphisa of 
IvELLEY [ill]. In T 0 P they are all the same and give 


subspaces. In ‘v^ , they yield closed subspaces nhicii 
is alright from the categorical point of view but the 
notion of an ordinary subspacs in 'v^ can also be catego- 
rically described. Explicitly, a raonomorphism is 
CO pure (ISBELL [96]) if v«iienever la = fe with e a pure 


epimorphism, e must be an isomorphism, Cbpure mono— 
morphisms in precisely the topological embeddings. 


A map f ; X Y in is said to be perfect if it 
is a closed map and the inverse images of points in Y 
are compact. The notion of a perfect onto map is 
categorical. Although they don't explicitly say so, 
HEHAIXSEM and ISBELL' s [ 72 ] characterization of perfect 
onto maps amounts to the follov;ing A map f ; X -> Y is 
perfect iff the follov/ing diagram 


i) 



viiere /3 is the Stone-Cech compactification functor 
and Cjf By are the usual embeddings, is a pullbaclc. 

Several other useful concepts such as ’ punktal’ 


morphism appear in the systematic investigation by 

KOV/AL 3 ICY [117], 
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2. Ref 1 ections and Coreflections 

Before the categorical definition of reflections 
and coreflections appeared explicitly, the fornal 
nature of most of the exarap-les in general topology 
(as in other branches of njatheciatics) xvas v/ellknovm. 

Thus GEGil [ 25 ] and STOHE [I64] Knew the universal 
properties of the Stone— Cech conipactification i^iiiich 
say that the full subcategory of conpact Hausdorff 
spaces is epireflective in the category of corapletely 
regular Hausdorff spaces. The same is true of 
HEvJITT' s realconpact spaces [82], B/I'l/iSCIiElCSRI’ s zero- 
dimensional compact spaces [8] and a score of conpacti- 
fications and conpletions that have appeared and are 
still appearing. Similarly, YCUriG [176] found out that 
every topological space has vAiat turns out to be a 
coreflection in the category of locally connected spaces, 
GLEASON [ 54 ] rediscovered this fact and gave essentially 
explicit proofs that the full subcategory of locally 
connected spaces is indeed coreflective in TOP, 
ARHAI'IGELSR3;I[3] did the same for !c— spaces, FRAI-IRLin 
([ 42 ], [43]) proved that his sequential spaces form a 
coreflective subcategory although the explicit statement 
v/as given by BfClOI'I [14]. The chain-net spaces (TSSHRA 
[l42])are also coreflective. The I^»nog^aph of HER.RLICH 
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[ 73 ] gives a very lucid and complete account of all 
aspects of reflections and coreflections in topological 
spaces. Another detailed treatisent is given by 
ICArH'I/JI [106], For the sake of completeness and also 
to include some results ivhich appeared later than 
[73] and [106], we sketch a brief suraniary of this theory/ 
in the reminder of this section. 

It was FREYD ivho defined reflections. The 
reflection functor is of course just the left adjoint 
to the inclusion functor of the reflective subcategory 
and one may say that the definition is due to RAI'I 
[105] defined adjoint functors. In any case 

FR.EY 3 [47] proved the following 

Theorem A Let ^ ^ a complete , locally and co locally 
sm 11 category and A a full sub category replate in ^ 
such that A, closed under the formation of products 
and subobjects . Then A r eflective in 

This has been improved by ISBELL, HEFtRLICK, BARON, 
KENNSOMjEHRBAR and possibly others. The follo^’/ing 
result in ZIENMISCn [II4] is probably^ the current 
version of this theorem. 

Theorem B Let f be a category vji th products . Let 

^ bicategory structure on ‘S such that 

is B — colocally small. Then 4 C ^ is B —reflective 

— Q O 

iff 4 closed under produc t and B subobj ects . 
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A right bicategory structure is just a bicategory 

structure except that B is not necessarily a subclass 

o 

of epiraorphisEis, 


This result, vhen applied to TOP with the 
bicategory structure given by as continuous surjection 
and as topological embeddings (or to '1I2 x-vith the 
bicategosy structure given by talcing as maps mth 
dense images and 3 ^ as closed embeddings) gives us all 
epireflectiv e subcategories, I.bst of the v/ellicnovm 
examples in TOP are epireflective. This is not very 
surprising in view of the follomng 


Theorera C Every bio no reflective sub category of any 
category is also epireflectiv e 

This can be found, for example, in HEAHLICH [ 73 ] 
but is not hard to prove. liSIWSON [II2] classified reflec- 
tive subcatcgorics of TCP' and 't in three types, Ihe sub- 
category is simple if each reflection morphism is one- 
one and ontoi This is nhat we call isoreflective. The 
terra simple has come to be used in another sense Vihich 
ive shall describe later. Identifying subcategories 
are epireflective subcategories of TO? whereas embeddin g 
subca tegories are those viiich are epireflective in 

KENBUSCH [112] asked ^ibether these include all the 
reflective subcategories of TO? or 


That they do 



not, has been d^Eionstrated by IIENJ'ISGIT [ll3] himself 
and KEF^HLIGIi [75]>both of Vthom found out examples of 
reflective subcategories of v/hich a re not epirefle- 
ctive. Both the constructions employ rigid spaces of 
de GROOT [6l], SKULA [ 63 ] gave another type, V7e examine 
his construction in some detail. Let (A,X) be a 
topological space. If B C A is any subspace, let b3 = 
b.B = b B denote the set of all points x e A 

Iru 5 JLjl 

with the folloiving property s there exist no 
such that p s ~ Gj^ and G^ H B = Gj^^O B, Then b 
is a closure operator and defines a topology on A, A 
subspace 3 C A is said to be b-» dense iff bB = A. 
b^closure etc, are similarly defined, A reflective 
subcategory ^ of TCP is b- embedding iff each reflection 
raorphisrii has a b— dense image, 7Jith this teriiiinology 
SRULA [ 163 ] proves^ 

Theorem D A topological property ^ b- embedding iff 
^ is productive b— closed hereditary and lg C 

If S is the two point space with three open sets 
and S denotes the class of all b-closed subspaces of 
all products of copies of S, then s"*" is a reflective 
subcategory vhich is neither siraple, nor identifying, 
nor embedding [ 163 ], This exanple ivas also known to 
BAROM [ 15 ] and HElRLI'CIi [75].' 
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It is pertinent to recall that BARCM’ s characteri- 
zation [13] of epiLiorphisns in (see section one) 
is equivalent to saying that es A B is epicjorphic in 

% iff eA is b— dense in B, By definition extrecial 

o — ^ 

raonoEiorphisas in t are given by those continuous injec- 

o 

77 ? 

tion B for atiich ".^enever A ^ B = A 5 Z ->B 

v/ith eA b-dense in Z,A and Z are homeoEiorphiC. , that 
is, precisely by the inclusion naps of b-closed subspaces 
These epimorphisns and extrenai raonomorphlsm clearly 
define a bicategory structure on and theorem 3 
follows from theorem B, 

le nov/ have the following characterizations 
TheoreEi E CC ENMIGOH [ 1 043) A topological property 
is epi-reflective iff it is clos ed under products and 
subspaces . 

Theorem F (XErirCTSOM [l04]) A Kausdorff t opological 
property is epi— reflective iff it is. closed under 
products a nd c los ed sub spaces . 

Theorem G (SKULA [I63]) A ^ topological property is 
epireflec tive i ff it, is closed under products and 
b— closed subspaces. 

All the three follow from the general theorem 3 

above , 

SZULA [163] also proved the following 
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Theorem H Let ^ ^ a reflectiv o topological property . 
If ’S ^ % then ’S is isoreflective. If f C t: , 5? jd ‘T, 

/ Q — — Q S' f 

then f £K- ernbedcling , 

This result gives o classification of .reflective 
topological properties upto spaces, A complete 
classification of all reflective subcategories of TO? 
and its subcategories , is still, as for as I know, an 
open problem, 

Isoreflective topological properties have also 
received considerable attention. To begin v/ith v/e 
have ICSNrilSCH’ s characterization [112] 

Theorem I A topological property ^ ^ isoreflectiv e 
iff it closed unde r product , subsoaces and contains 

all ffle indiscrete spaces. 

Another important characterisation, for more 
general situations has been given by HUSHI''. [8l]«r!is 
theoraa 1 [81] ^vhen applied to TCP, reads as follows; 
Theorem J A topological property f ^ iso— ref lective , 
iff the following four condi tions hold 

1) ^ ^ c losed under products 

2) Every topological space has a continuous injection 
into some space of 

3) For any topological space (A,cc) , the set of all 
toplogies on A ’t^^ich are in W and are larger than a:, 

contains a dovm— go final subset. 
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Every continuous injection m s (A,ic) -> (B j,y ) , 
v/h ere (3,y) ^ f , can ^ factorized as (A, a:) 

(A,x' ) -» (3 ^y) where (A,a;' ) and mi (A,cc' ) 

(B,y) both are in 

Arbitrary reflective subcategories without any 
restrictions on the reflection norphisms have been 
characterized by KET'IMIGCr! [114]. Call a niorphism 
f; X Y inj ectl\'’ e with respect to a subcategory A, 
iff for all raorphisKis gs X A v/itii A e A, there 
exists at least one h; Y A such that hf = g. The 
class of all Esorphisros of ^ '^tiich are injective with 
respect to A is denoted by A or simply Call 

a bicategory structure (3 ,B,) well-founded if the 
category is B — colocally and 3^— locally small. 

Then one has [ll4] 

Lemma I. Let ^ a well-founded bicategory 

structure on the complete category 'i. L et A ^ a 
full s ubcategory closed under the formation of products 
Let S ^ the full subcategory of all 3 subobjects of 
meribers of A. Let B. = A H where is tiie cla ss 
of all epimorphisnis - of Then 

1) 3 C 3’ 

o 1 

2) If ® ^ colocally small then there exists a 

unique s uch that ^ a right .M-jcate.gory 


structure on 



“ 97 . 


';7ith the help of the preceding iemiaa, the following 
characterisation of reflective snbcategories can be 


obtained, 

Theorea L feMMSOri [114-]) Let ^ be a coaplete category 
and let ^ a well“ founded bicategory structure 

on Let >7^ ^ a replate full sub category of Th en 
A ^ r ef lectiv e in ^ iff the following these conditions 
hold; 


1) A c losed under products 

2) i^ B^“ Co locally saall (vih ere and are defined 
as in the preceding leama ) 

3) A ^ clos ed under the foraation of 0 3^^ “ Subobj ects 
the existence of guaranteed by the prec eding leaaa . 

Closely parallel results have been obtained by 
B/JTiCN [15]» 7or exanple^ 

Theorea f£ Let ^ b® £ colo cally saall category Vifith 
products in vjhich every morph is a can be factorized as 


an epi followed by a mono. Le t ^ a reflective 
subcategory of ^ and let £ ^ the sob category of 
whose objects are ^- subob.iects of objects in -A, 
is S. ^ eplreflective subcategory of $ and $> is 
epiraflective subcategory of ^ 


Then 
a ^ 


The subcategory ® in theorea I.C abov e is an 
"intermediate sub category" of Jl and Under some 
conditions there existr greatest and smallest 
interaediate subcat egories. 



—*9 

xlieoreia M (B /iRCn [l5]) Let -/I a reflective subcate.^ory 
of a locally sraall catep;or.y with intersections and 
equalizers , ^'le subcate/^ory ^8’ vAior e objects are ^ 
extremal s ubobjects of the ./i^ ob.iects is the smllest 
intermediate subcategiory of A and 

If In addition . ^ i_s co locally small and complete , 
define ffl” ^ the cate/iory such that B’'s iff f^, 
f^: ?-B’ B’' , f^rB' = f^rB’ imply f^ = f^ ^vhere B’ e S>\ 

is thei reflection of B' in /c, and rB' ; B’ -s' HB’ 
is the corresponding^ r eflection morphism. Then S" is 
the lar^^est intermedia te category of A and 

Thus the smallest intermediate subcategory betv/een 
compact Hausdorff spaces and TOP is the category of 
completely regular spaces. 

The case of coreflections is, of course, dual 
to that of reflections. However, some results are 
available for them which warrant separate mention. In 
the first place, ICEOINISON [ 112 ] proved that for any 
coreflective topological property, the coreflection 
raorphisms are bijective. This has been generalized 
to constant-generated categories by HERULICE [77]. 
n Sit.RLX and STt.'^Ed’L ER [8o] have shovm that the character- 

ization of the coreflectivity of locally connected 
spaces given by GLEASON [54] is valid for arbitrary 
coreflective topological properties. They have also 
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[so] considered the relationship of covering etc, to 


coreflectivity. Finally, FE/inCLIM [44] has given a theory 
of ’natural covers’ V\i\ich yields several coreflectiv e 
categories, ainong them those of secjuential and Ic~spaces, 
although it does not suffice for all the coreflectiv e 
topological properties, 

KEriRLIGIi [ 74 ] has given a method viiich gives all 

the coreflectiv e topological properties of TOP, Let I 

he an operator Hhich associates to every pair (X,a) 

where X s TCP and A C X, another subset l,J-\ of X, called 
o . 

the set of 7r-limit points of A in li, l is called a limit 

operator iff l satisfies the conditions!), 2 ) and 3 ) 

belov/: 

1) If A C X then A C l,J-\ C 

2 ) If A and B are subsets of X then I,, (A U B) = 

' J'k. 

U 1,^. 

44. 4i. 

3 ) If f; X-^Y is a map and A C X then T C l_(fA), 

It is easily verified that ary limit operator 
I satisfies 4 ) and 5) below, 

4 ) If A and B are subsets of X then A C B implies 
IJ. C l.JS, 

4’L 44. 

5) If f ; X Y is a map and A C Y Vtfith l^A ~ A then 

Iji operator satisfying condition 5) is called a 
pre-limit operator,' A iiinit operator I is called 



lOO-> 


idempotent iff I satisfies condition 6) below 
6) If A C X then = l,J,, 

jtw A 

yjith any pre-lii;iit operator there is associated 
a core fie ctive subcategory of TO? and conversely, with 
any coreflective subcategory of TO? there is associated 
an idempotent limit operator. This yields a 1,1 corres- 
pondence betv'/een ideiapotent limit operators and coreflec- 
tive subcategories of TOP. 

KERRLICK and STRECXER [79] give a nice summary of 
the theory of coreflections in a general context. For 
the topological case, [106] is a very complete 

reference, XEKMISCM [ll5] has started applying coreflec- 
tivity results to the theory of covering spaces and 
fibra tions, 

/uialogous investigations in locally convex spaces 
have been made by I'JILBER [i70]. 

The- problemsof generation and intersoctivity of 
reflective subcategories were raised, for the category 
of uniform spaces, by ISBELL [ 99 ], If A is a class of 
objects let its epireflective hull be the smallest 
epireflective subcategory containing jt. This has also 
been called the span of A (cf, KEMMIGOM [II 3 ]). 
following characterization has been obtained by XEHPilSCN, 
B/HOH, HEPJILIGH and possibly by several others. 
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Theorem 0 Let ^ ^ a complete « locally and co locally 
small category and let A ^ a class of objects ^ The 
epireflectiv e hull of A precis ely the full subcate.^ory 
Y/oose ob.iects arg_ extremal subob.iects of products of 
ob.1 eats of A, 

PFiEUSS [154-] gave a characterization of the 
epiref lective hull vihen ^ is balanced. His construction 
depends on the notion of a monomorphic faEiily which is 
a family ^f. : X X. i t si] with the property that if 

ir 1/ 

h, ht S -» X are two distinct nsorphisms then there 

exists a j s I such that f.h ^ f.k. Clearly a mono- 

J J 

morphism constitutes a monomorphic family. The canonical 
morphisms of a limit (e.g, the canonical projections of 
a product) form a monomorphic family, A monomorphic 
family is precisely viiat TA YLOR [l66] calls a family 
with left cancellation property. Gome imbedding 
results of PREUSS [154] have also been given by TAYLCR. 
[166] in a slightly different setting. If nov/ A is a 
class of objects let q{A) be the full subcategory consis- 
ting of these objects X for vjhich there is a n»nomorphic 
family, f . ; X -> X. v/ith X. in 4»If. ^ is complete and 
locally as well as colocally aaall and ERA stands for 
the epiref lective hull of A, clearly AC ERA C QA, 

The main result of [154] is that if ^ is also balanced 



- 102 - 


then E R X = Q/l. The result is used, interestingly 
enough, to point out that zero-dimensionality and total 
disconnectedness coincide in compact Hausdorff spaces 
because the category of compact Hausdorff spaces is 
balanced. 

One of the most remarkable results in tSiis area 

is the follo'tving theorem due to FR/.I-KLIM [45]. 

Theorem P Let 4. ^ a left- fitting full replate subcate- 

^ory of and let ^ its epiref lective hull in • 

Ihen X s iff ther e i s a family of subsets of /SX, 
o ^ y’ 

each b clogging to X. vjhos e Intersection X, 

This is a characterization in terms of the Stone- 
Gech conpactification. The role played by /5 is explained 
by the fact that left fitting is defined in terms of 
perfect maps and perfect maps are characterized by the 
fact that (i) is a pullback, TJhen ^ is replaced by an 
arbitrary eoiref lective functor ks t-v ^ f k— perfect 

J'2 

maps and k— left fitting etc, can be defined. This 
has been done by ?R/J"KLIN and HERPXiai [46] v/ho besides 
giving the obvious analogoue of theorem ?, obtain 
several other interesting results, 

HEPilLiai [75] calls a topological property simple 
if it is the epireflective hull of a single object. 

Thus compact Hausdorff spaces are simple in 
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TT-v is simple in TOP, No categories between tt, and t7„ 

X 2 

can be simple in TCP and no categories beti'ireen and 


te: can be simple in t » Regular spaces are not simple 
in TOP, Some problems have been raised by IiERE.LIC5-I 


[ 71 ]. One of them v^hich asics whether his k-compact 
spaces are simple for every cardinal !c, has been 
answered by HUS EX in affirmative vvho also generalized 
this problem and its answer to proximity spaces 
([ 91 ] » [ 92 ]) A long-standing conjecture in this area 
has been disproved recently by NYIXOS [l47] '^■^ho gave 


an example to shav that a zero— dimensional real compact 
space is not necessarily N-compact, For a thorough 
discussion of the closely related concept of a 
’universal object’ we refer to BAjIYEH [ 4 ]. 

For intersectivity one has the following 


Theorem G (B/IION [15]) Let ^ ^ set of reflective 

subcategories of v/here ^ i^ ^ in theorem 0 abov e » 

Then , 

1) If each epireflective then ^ epiref lective , 

2 ) If 5B colocally small and an intermediate category 
of and ^ f or each i, then ^ ref lectiy e . 

3 ) ^ ^ an inte rmediate category of and ^ for 

each t a nd ^ colocally small then i s 
reflectiv e and ^ ^ intermediate category of 


The ' reflective hull’ has been characterized by 


XMMISCN [114]. 


TheoreiH il Let ^ ^ complete and let ^ a xvell- 

founded bicate/^ory structure , on Let A C ^ replete 


and productive . Let ^ C he the subcategory conslstii 
of B^- subobjects of raerhers of A^, Let = ¥^^4 D 




^vhere a nd are as in lersna K. Assume tliat S is 
B^-^ co locally smll and let ^ the right bicategory 

structure (guaranteed by the same leirma ) on Then A”'' , 
the full subcategory of all Bj^- subobjects of members of 
is. smallest replate reflective subcategory for which 
A C 4*, 


Proposition S (iCEMriISON [II 4 ]) :Vith the notation in 

theorem R abov e . let Z s £3 ^ glv en . The folloV'.dng 

o 

three sta tement s ar equivalent ; 

1) Z s 4* 

o 

2 ) f : Z Y and f s imply f i^ ^ equivalence . 

3 ) f: Z Y a nd Y s imply f s B-. 

o 

The ’almost' reflective character of seme ivell 
knov/n subcategories has been recentlj^ observed, 
Sxtremally disconnected spaces and H— closed spaces of 
ALEX/iI3lOy-URYSOKH [i] are two examples, ZATETOV 
[ 109 ] proved that every Hausdorff space Z can be 
embedded in an K— closed space 'T 7 }[, Similarly, 
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ILIAISS [94] proved that for every Hausdorff space X 

there exists an extresrially disconnected space aXand a 

surjection aX X MOiUSSE'JSXI and RUICLF [14I] 

have proved that t: and in a laodifiec! forni, a are 

/ 

functorsj functors froisi the category of Hausdorff spaces 

and skeletal mps (v^ich are mps f: X -» Y such that 
— 1 -*1 

int f (cl. V) C clf (V for every open subset V of Y) 
to the full subcategories of H— closed and extreiBally 
disconnected spaces respectively; and what is more, 

'F is reflective functor and a is a coreflective functor. 
In addition, they irade the follovring observation, 

1 ) The diagram 



. is 'both a pullback and a oushout) 

2) the fact that it is a pullback enables us to reduce 
the construction of the Iliadis coreflection oX for 
an arbitrary Hausdorff space X to the particular 
case of H—closed spaces. 
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ILIAHES [ 94 ] proved that for every Hausdorff space X 


there exists an extresnally disconnected space oX and a 
surjection o,,: aX X IvilcmJSSE’JSia and RUiXiLF [l4-l] 
have proved that t and in a modified form, c are 
functors; functors from the category of Hausdorff spaces 
and skeletal mps 6#iich are maps f; X -> Y such that 
int f (cl. V) C clf (V for every open subset V of Y) 
to the full subcategories of E— closed and extreraally 
disconnected spaces respectively; and ?/hat is more, 

'c is reflective functor and a is a coreflective functor. 
In addition, they nade the following observation, 

1) The diagram 



TT a x= a -T X 


.. . is'both a pullback and a pushout) 

2 ) the fact that it is a pullback enables us to reduce 
the construction of the Iliadis coreflection aX for 
an arbitrary Hausdorff space X to the particular 
case of H— closed spaces. 





3) The fact that it is a p’jshout may be used in 
constructing the Katetov reflection arX for any 
Hausdorff space X if one knows how to do it for 
extremally disconnected spaces. i'Jnfortunately in a 
seminar h'cld in July 1971. at the Indian Institute 
of Technology, Delhi, it was found out that at least 
the first half of [141] needs a good deal of gap- 
filling in proofs). 

The epirefiectivi ty of H-closed spaces, using 
different morphismo,has also been proved by VSLICIiC 
[167] .andHEXaLICK and STRECXEu [78], 

Perhaps one of the roost interesting results in 
this area is the construction of the Wallroan coinpacti- 
fication as a reflector by H/fillS [67]. Explicitly, 
a morphism f; X -> Y of is a wo-map if vAien v 
is a finite open cover of Y, then there is a finite 
open cover {j, of X such that for each 71 s [x there is 
V s V ^vith cl fA C V x'vhenever A C X and cl A C 'J, Then 
the Wallman compactification; is an epireflection from 
T^— spaces and ViTo— maps to compact T^— spaces and v/o-maps. 

’Local reflectivity’ has also been investigated 

by several authors. Thus a full subcategory S> of ^ is 

said to be locally reflective in 0CAPUT [107]) if 

vdienever f ; A; B is a morphism mth B s $>, where exists 

o 
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an object B e £3 and morphisms f ; A->B, f,; 3->B such 
o 

that f = f,f and furthermore, vAienever B* is another 
1 o 

object in S> vdth f’ ; A B’ and f'-» B such that flf' — i' f 

O’ J- o 

there exists a unique inorphisn f s B -s- B' such that 

ff = f ’ • Locally reflective subcategories are closed 
o o 

under intersection but not necessarily so under arbitrary 
limits. Hot much of the theory of reflections therefore, 
is liLcely to be extended automatically to local reflec- 
tions, IC/iPUT [107] has announced a number of results 
which are mainly concerned v;ith relating local reflec- 
tions to reflections by means of suitable functors 
such as these v/ith adjoints. The details, however, 
have not been available to the author, 

BAROH' s quasi— epi reflective subcategories [15] 
also have a local flavour, A subcategory ^ of ‘S is 
quasi-epireflective in ^ if whenever ft A B is a 

morphism with B s S there is an object B’ s £5 and 

o o 

morphisras f ^ 1 A -s- B' and; fj^; B’ B such that = f 

and f^ is an epimorphism. If is ® colocally small 
and has products then S is epireflective in ^ iff £5 
is productive and quasi-epireflective. 

Lastly, vie must mention stable reflectors of 
HAI-'dllS [67], Let ^ be a category and let ® be a full 
subcategory. The morphism r; G D is a 2)— reflector 
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if D e 3 and iwrtnen'Sver E s ® and s ; C -> E then there is 

ts D -> E v/ith ts = r (no uniqueness assumptions for t). 

The morphisB r: C -» D is stable if viTenever h: D -» D 

and hr = h then h = 1^. ® is stably reflective if every 

C e <§ has a stable reflector r^ s 3, Stable reflectors 
o 

are categorically unique. If <^-extension of a map 
betiveen Tj^-spaces is an extension of it to a map 
behveen the Wallman compactifications of its domain 
and CO domain and a ^^map is a map \Yhich has a (not 
necessarily unique) ^^-extension, then 'compact T^— spaces 
and w-iaaps are stably reflective, with the vVallman comj)- 
actification as the stable reflector, in T^^-spaces and 
^maps, 

3e Pro.i ectivity and injectivity 

GLEAS0IT''[53] vras probably the first to consider 
projective objects in a category other than those in 
algebra, (This of course has to be loosely interpreted- 
the category of compact Hausdorff spaces and continuous 
maps T^hich he considered, is algebraic in the modern 
sense, e, g, see IfATIES [136], For a precise treatraent 
of this question, refer to'’[8i])He proved that projec- 
tive compact Kausdorff spaces are precisely the extremally 
disconnected ones, A sharper proof of this fact was 
provided by R/JhryATSl [156], Another proof using only 
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linear analysis, has been given by 7FJ;3I-IT [l7l]. 
Extreraaily disconnected spaces again, GLEASOIl [53] 
proved, are the projective objects, in the category 
of locally compact Kausdorff spaces and perfect raaps. 
The assuiTtption that the spaces are Hausdorff and proj.ec 
tive objects are perfect-onto— proj ective comes natural 
to a meaningful theory andv;e shall consider these 
assumptions as basic unless otherwise stated, 

path these hypotheses, FLAGilSIiETfEP. [4l] proved 
that in more general categories e,s, these of regular 
and completely regular spaces, projective objects 
are once more just the extremallybdisconnected ones. 
For regular spaces his results have been confirmed 
;-by 3TSAUSS_[165] v/hich were in their turn confirmed by 
HASUL'Z [68] vihosQ techniques are quite different, 
l^OIXJSESrJSICI and 3.UBCLF [l40] proved that the results 
of FLACHSKETfEr. [4l] are formally deducible from those 
of GLEASON [ 53 ] if one remembers the characterization 
of perfect onto maps given by KEMUAGEN-ISBELL [72] 

{cf, section one), Practically all these results 
v/ere also obtained by ILIADIS [94] and PCMAREV [l50] 
whose approach is very lucidly explained in the 
survey by ILIADIS and FOMN [95], 
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/jiother generalization, in a soEiewhat different 
sense, is due to COHEN [29]. liecall that a compact 
Eausdorff space is extremally disconnected iff it 
is the stone space of a complete Dtclean algebra,, 
/jialogously , let it be k— extr emally disconnected iff 
it is the stone space of a Ic— complete Boolean algebra 
vjhere k is an infinite cardinal, /J-c-^ set , is a set 
whose cardinality does not exceed k,. L Ic— open subset 
of a compact Hausdorff space X is the urJ-on of a k— family 
of cozero sets of X, A compact Hausdorff space in 
v/hich every k— op;^ subset has a k— open complement is 
called a' k— space. These, of course, are very much 
different from the k-spaces of /..m-I/JIGELGfJI [3] v;hich ’ 
quite properly contain them, A map f ; X Y is a Ic- map 
if given k— open U in X, there exists a k— open V in 
f (X) such that f (cT, u) = cl V. A map f ;■ X -> Y is 
called irreducibl eif it is a surjection but fA is 
properly contained in Y for each closed proper subset 
A of ]C, In the category of k— spaces and irreducible 
k— maps , projective objects are precisely the k— extremally 
disconnected ones, 

A ^stemat-ic • investigation of the tiieory of 
projective objects has been given by B/UASGHEv7SXI [lo] 
Below we give a brief outline of his vrork. 



For a class A of morphisias of a category 
he considers yC—proj active objects, 'ihese are the usual 
projective objects with A replacing the class of 
epimorphisEis. The conditions on A. and 5? are the 
follov/ing. 

1) A is closed under composition 

2) If f s A is a right inverse of g ,s c/t then f is an 
isomorphism and conversely, 

3) For any f b A there exists a g s ^ such_ that f g h e A 
implies h e A for all h s ^ and f g e yt, 

/ji f s yt is called essential iff f 3 b A implies 
3 B A for all g s and AT is the class of all 
essential f s yC. fj.!' isomorphisms of ^ are, by 2) 
in A and essential and 3) means that for each f s yt 
there exists a g e ^ such that f g s A*^, If ft X -> Y 
belongs to X* and X is yt^proj ectiv e then f (or sometimes 
X) is called an yt-^ proj ective cover of Y, 

4) ’S has pullbacks and these preserve A, 

5) /Jiy v7ell“Or ders d inverse system in A has an upper 
bound in yl. 

With these axioms, his main results are the 


follov/ing 
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Proposition A The follo^vin,^ are e qui-valent ; 

1) X ^ A projectiv e , 

2) /Ayf ; Y -» X ^ /t has a right inverse , 

3) Any f ; Y X ^ i£ Hi isoraorphisa , 

Proposition B /jiy X s ^ for vitich the class of all 
S -» X in a s et » has an A proj ective cover . 

He also proves the expected uniqueness of 
X-proj ective covers. 

Let nov/ be a subcategory of ‘6 such that 

A C Further, let the folloviring conditions be 

satisfied ; 

El) If f g e 5^' then g s for any f,g s ^ 

E2) W is X'‘'‘- left fitting i,e, f; X Y in A'-' and 
Y s inply that X e , 

Proposition Q Proj ective obj ect s in are the sarae 
^ the X s p roj ectiv e in and for any X © , 

X s X— proj ectiv e cover Y X also one in 

^ conve rsely » 

These results are then applied to the category 
of Hausdorff spaces, Hiere the perfect onto mps 
satisfy 1) - 5) and if f ; Z Y is perfect onto then 
card X ^ 2 . • , iiith the assistance of a number 
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of lennas and Einor proposi tiers j some of them due to 
others, he proves the follov;ing 

Theorem D L^et ® ^ a subcate,tor.v of which is closed 

,1 , I, I 1 1 « ^ 

with r espect to pullbacks and such that for anv X s 
and clos ed subs ets A,B oT X, A + B and the natur al 
Eorphisia /.+B X belonr? to S, Then the perfect— onto— 
pro.i ectives in S are exactly the extr eoally disconnected 
spaces belonging tp_ S>, 

bbreover ^ i f AX stands for the space of convergent 
maximal open filters on X and A'-’X for the space obtained 
from, this through enlarging the topolo.gy by adding 
the sets fMjlim IH s U, ivi s AX, for U open iji x] to 
the open sets of AX, then for each X s SB the limit 
mapping lims A'‘'X -» X ^ a pro j ective cover of X, 

In addition, one has that iC'X = AX iff X is 
regular (FLACrlSL'T/EX [41 ]) 

Spealcing of projective covers, P/..RIC [148] has 
proved that if X is a completely regular Hausdorff 
space, the projective cover of its Stone Cech compacti 
fication is homeomorphic to the maximal ideal space, 
endowed vd.th the Stone topology, of the maximal ring 
of quotients of the ring CX of all r^l valued conti- 
nuous functions on X, 

Some subcategories of vliich theorem D 

applies are; 
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1) ‘Compact spaces, 

2) locally compact spaces, 

3) paracompact spaces, 

4) realcompact spaces 

5) a-compact spaces 

6} completely regular spaces 

7) regular spaces 

8) zero— dimensional spaces 
and any intersection of these. 

The relationship to reflections is exhibited 
in the folov^ring 

Proposition E If ^ epireflectiv^e subcategory ^ of a 

sub category 2) o f g preserves perfect maps then X s © 

^ o 

is projj ective iff its reflection in ^ is pro.i active 

in moreover if © is also closed hereditary , then 

for any pro j ec tiv e cove r f ; X -> Y in® its reflection 

is a projective cover in 

Yith a slightly different class of maps, 

projectivity has been considered by IvZOZUSZE'.'v'SXI and 

RUDCLF [141], bet a map fs Y X be regular-open 

minimal if the topology in Y is generated by sets 

f ^[u] n V where U is open in X and V is regular 

open in Y, If X now stands for the class of regular- 


open minimal surjections then every X— projective object 
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in the category of H-ciosed spaces and continuous 
functions is extrerually disconnected although the 
converse is false. Kov/ever, if an H-closed space 
(X,t) is compact -^Iil^e in the sense that there exists 
a compact topology t’on X such that t*C t and cl. ,V’ 

’t- 

= for every V’ e t’ , then it is c/t— proj ective 

iff it is extremally disconnected. Deveral other 
interesting results about projectivity in H— closed 
spaces and liausdorff spaces appear in [l4l]. 


The dual notion of injective object; has not 
been studied so intensively. LXCDUSSEVJSXI and XUDOL? 

[1413 give some results. First, if a stands for the 
class of all open dense embeddings then in the category 
of extremally disconnected Hausdorff spaces and conti- 
nuous maps every £2^injective object is H— closed. 

The converse is true v/hen skeletal maps alone are 
taken as morphisms. For general liausdorff splices, 
the situation is as follows; Call a map f; X -> Y in 
the category of liausdorff spaces and skeletal maps, 
o— coperf ect iff the diagram 


dX 


af 

cfY 
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is a pushout v^ere a is the Iliadis coreflection 
functor and f is an open dense enbeddins. If a 
g- injectiv eobject is an object injective with respect 
to o— coperfect mps then a Hausdorff space is a— 
injective iff it is H-closed, 

In view of the Stone duality, projectivity in 
Categories of lattices is not without interest for 
the present discussion* BALBES [7], B/iKASGE-IEVvISi'lI- 
BRUMS ([ll],[l2]) HALIDS [66] are some of those Viho 
have discussed this subject. Also, though we are not 
concerned here v/ith toplogical algebra or functional 
analysis, it is not out of place here to note that 
projectivity and injectivity have been intensively 
studied in these fields* B/lIAGaiEDia {[9],[l0]), 

COHEN [30], GFoLE^/ [57], HALL [65] r ISBELL ([97], 

[98], [100]>, LACEY and CCSiEN [12G], [l39], 

POTKOVEN [ 153 ], SEmDETII [l6o]and WJIB [ 169 ] are 
some of the references v/here free, projective and 
injective objects in tcpologicai algebra and functional 
analysis have been studied. Concepts like 'exactness’ 
etc, have also been formalized in functional analysis 
and one nay visualize a fuliscale program of homological 
algebra in topological vector spaces. 
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